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THE TATE CONJECTURE FOR K3 SURFACES IN ODD
CHARACTERISTIC
KEERTHI MADAPUSI PERA
Abstract. We show that the classical Kuga-Satake construction gives rise, away from char-
acteristic 2, to an open immersion from the moduli of primitively polarized K3 surfaces (of
any fixed degree) to a certain regular integral model for a Shimura variety of orthogonal
type. This allows us to attach to every polarized K3 surface in odd characteristic an abelian
variety such that divisors on the surface can be identified with certain endomorphisms of
the attached abelian variety. In turn, this reduces the Tate conjecture for K3 surfaces over
finitely generated fields of odd characteristic to a version of the Tate conjecture for cer-
tain endomorphisms on the attached Kuga-Satake abelian variety, which we prove. As a
by-product of our methods, we also show that the moduli stack of primitively polarized K3
surfaces of degree 2d is quasi-projective and, when d is not divisible by p2, is geometrically
irreducible in characteristic p. We indicate how the same method applies to prove the Tate
conjecture for co-dimension 2 cycles on cubic fourfolds.
Introduction
The goal of this paper is to prove:
Theorem 1. Let X be a K3 surface over a finitely generated field k of characteristic not equal
to 2. Then the Tate conjecture holds for X.
That is, for any prime ℓ invertible in k, the ℓ-adic Chern class map
Pic(X)⊗Qℓ
ch
−→ H2e´t
(
Xksep ,Qℓ(1)
)Γ
is an isomorphism. Here, ksep is a separable closure of k and Γ = Gal(ksep/k) is the associated
absolute Galois group.
Work of Lieblich-Maulik-Snowden [LMS12] shows that Theorem 1 implies:
Corollary 2. There are only finitely many isomorphism classes of K3 surfaces over a finite
field of odd characteristic.
The following cases of Theorem 1 are already known:
(1) When the field k is of characteristic 0: cf. [Tat94, Theorem 5.6(a)] or [And96].
(2) When k is finite of characteristic at least 5: This is due to Nygaard and Nygaard-
Ogus [Nyg83,NO85]1 for K3 surfaces of finite height, andMaulik [Mau12] and Charles [Cha12]
for supersingular K3 surfaces. Maulik’s work utilizes the case of elliptic K3 surfaces,
due to Artin-Swinnerton-Dyer [ASD73], but Charles’s is independent of it, being an
application of a general result for reductions of holomorphic symplectic varieties.
The main contribution of this article is an unconditional proof of the conjecture in odd
characteristic. Our methods are independent of the results above, but owe a substantial spiritual
debt to the proof in characteristic 0, which combines the classical Kuga-Satake construction
with Deligne’s theory of absolute Hodge cycles and Faltings’s isogeny theorem.
1The result of [Nyg83] for ordinary K3 surfaces does not appear to have any restriction on the characteristic.
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Kuga-Satake construction. In characteristic 0, the Kuga-Satake construction attaches to
every polarized K3 surface (X, ξ) a polarized abelian variety A such that the primitive coho-
mology group PH2(X, ξ) embeds within H1(A) ⊗H1(A) as a sub-Hodge structure. One can
extend this construction to finite characteristic as in [Del72], by lifting to characteristic 0, ap-
plying the Kuga-Satake construction, and taking its reduction. The crystalline compatibility
(up to isogeny) of such a construction is shown in [Ogu84, § 7]. We make two improvements to
this: First, we show the crystalline compatibility on an integral level. Second, we show that the
Kuga-Satake construction sees enough geometry to allow us to view divisors on the K3 surface
X as endomorphisms of A. This is of course predicted by the conjecturally motivic nature of
the construction.
In particular, we can reduce the Tate conjecture for X to a refined version of Tate’s theorem
for endomorphisms of A.
The reader is directed to (4.17) in the body of the paper for a precise version of the following
result:
Theorem 3. Given any field k of odd characteristic p and a polarized K3 surface (X, ξ) over
k, there exists a finite separable extension k′/k and an abelian variety A over k′, the Kuga-
Satake abelian variety such that the Zℓ and crystalline realizations of the primitive cohomology
PH2(X, ξ) embed naturally within those of H1(A) ⊗ H1(A). Moreover, there is a canonical
inclusion
Pic(Xk′ ) ⊃ 〈ξ〉
⊥ →֒ End(A)
compatible, via the cycle class maps, with the corresponding embeddings of cohomology groups.
Its image consists of those endomorphisms whose cohomological realizations in H1(A)⊗H1(A)(1)
lie in the image of PH2(X, ξ)(1).
It is essential for our method that we work with families of K3 surfaces: We view the Kuga-
Satake correspondence in characteristic 0 as a period map from the moduli of polarized K3
surfaces to an appropriate orthogonal Shimura variety, and use the theory of integral models
from [MP13b] to extend it to period map over Z[2−1]. The integral crystalline compatibility
of this construction shows that the period map is e´tale. This permits us to prove the inclusion
〈ξ〉⊥ →֒ End(A) of the theorem by lifting—one divisor at a time—to characteristic 0, where we
can appeal to the Lefschetz (1,1) theorem.
The Tate conjecture for special endomorphisms. Given the above theorem, it is natural
to make the following definition: A special endomorphism of the Kuga-Satake abelian variety
A is an element f ∈ End(A) whose cohomological realizations in H1(A) ⊗H1(A)(1) lie in the
image of PH2(X, ξ)(1). We will write L(A) for the space of special endomorphisms. When k is
finitely generated, the Tate conjecture for (X, ξ) now reduces to the statement that L(A) has
the expected rank.
This last assertion is best viewed in the setting of motives attached to points of orthogonal
Shimura varieties. Such varieties are attached to quadratic lattices over Z of signature (n, 2).
For instance, the one that appears as the target of the period map mentioned above is attached
to the primitive cohomology lattice of a polarized K3 surface; it has signature (19, 2). Given a
lattice L of signature (n, 2), the associated Shimura variety Sh(L) is n-dimensional and defined
over Q. The theory of [MP13b], which builds on work of Kisin [Kis10], provides us with a
regular integral model S (L) over Z
[
1
2
]
.
To every geometric point s→ S (L), we can attach an abelian variety AKSs , again called the
Kuga-Satake abelian variety. Suppose that k(s) has characteristic p > 2. Then this abelian
variety comes equipped with a right action of the Clifford algebra C(L), as well as the following
additional structure:
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• For every ℓ 6= p, a distinguished sub-space
Vℓ,s ⊂ EndC(L)
(
H1e´t(A
KS
s ,Qℓ)
)
such that, for all f ∈ Vℓ,s, the composition f ◦ f is a scalar. The space Vℓ,s with the
quadratic form f 7→ f ◦ f is isometric to L⊗Qℓ.
• A distinguished sub-F -isocrystal
Vcris,s ⊂ EndC(L)
(
H1cris(A
KS
s /W (k(s)))
)
Q
such that, for all f ∈ Vcris,s, the composition f ◦ f is a scalar. The space Vcris,s with
the quadratic form f 7→ f ◦ f is isometric to L⊗W (k(s)).
We now define the space of special endomorphisms L(AKSs ) to be the sub-space of End
(
AKSs
)
consisting of those elements whose cohomological realizations land in the distinguished sub-
spaces given above.
When L is the primitive cohomology lattice of a polarized K3 surface and s arises from
a polarized K3 (X, ξ), AKSs is just the associated Kuga-Satake abelian variety A, and the
distinguished sub-spaces Vℓ,s and Vcris,s can be identified with the realizations of the primitive
cohomology PH2(X, ξ). So the general definition recovers our definition from this special case.
Suppose now that s is defined over a finitely generated extension k. Then the distinguished
sub-spaces Vℓ,s are stable under the action of Γ, the absolute Galois group of k. We will assume
that AKSs and all of its endomorphisms are also defined over k. The key technical result of this
paper is:
Theorem 4. Under a certain ℓ-independence condition, for every ℓ 6= p, the natural map of
ℓ-adic vector spaces
L(AKSs )⊗Qℓ → V
Γ
ℓ,s
is an isomorphism.
The ℓ-independence condition essentially says that the dimension of the invariant sub-spaces
V Γℓ,s does not depend on ℓ; cf. Section 5. In the situation of the Kuga-Satake abelian variety
attached to a polarized K3 surface, this condition always holds, and so we obtain the Tate
conjecture for K3s as a consequence.
The most important case of the theorem is when s is defined over a finite field. We can
deduce the general result from this by invoking Zarhin’s theorem for endomorphisms of abelian
varieties over finitely generated fields and a specialization argument.
For the proof in the finite field case, we begin with a simple observation. Let I be the largest
algebraic sub-group of Aut◦C(L)(A
KS
s ) (viewed as the algebraic group attached to the group
of units of the algebra EndC(L)
(
AKSs
)
Q
) that stabilizes the distinguished sub-spaces Vℓ,s and
Vcris,s. Then, for every ℓ 6= p, the map considered in Theorem 4 is a map of representations of
the Qℓ-group IQℓ . We will be done if we can prove two assertions: First, for some ℓ 6= p, V
Γ
ℓ,s
is irreducible as a representation of IQℓ . Second, L(A
KS
s ) 6= 0.
When ℓ is a prime such that Gℓ is split, we show the first assertion using a result of Kisin [Kis].
Our method for showing that L(AKSs ) is non-zero is indirect, and uses the validity of the first
assertion for points valued in arbitrary orthogonal Shimura varieties. We direct the reader to
Section 5 for details.
Moduli of K3 surfaces and the period map. As mentioned above, a key component of
this paper is a period map for K3 surfaces in odd characteristic. The classical Torelli map for
K3 surfaces can be viewed as a map
ιC : M˜
◦
2d,C → Sh(Ld)C,
4 KEERTHI MADAPUSI PERA
where M◦2d is the moduli space (over Z[2
−1]) of degree 2d primitively polarized K3 surfaces and
M˜
◦
2d is a certain 2-fold ‘orientation’ cover. Sh(Ld) is the associated orthogonal Shimura variety
over Q.
Results of Rizov [Riz] show that the period map descends over Q:
ιQ : M˜
◦
2d,Q → Sh(Ld).
The following theorem is a positive characteristic analogue of the Torelli theorem for K3
surfaces.
Theorem 5. There exists a regular integral model S (Ld) for Sh(Ld) over Z[2
−1] such that ιQ
extends to an e´tale map
ιZ[2−1] : M˜
◦
2d,Z[2−1] → S (Ld).
Over Z[(2d)−1], this construction of the map is essentially due to Rizov [Riz10]; cf. also
[Mau12, §5]. With the same condition on p, a construction by Vasiu can be found in [Vas]. As
a consequence of Theorem 5, we get:
Corollary 6. For any prime p > 2, the moduli stack M◦2d,Fp is quasi-projective. If p
2 ∤ d, then
M
◦
2d,Fp
is geometrically irreducible.
The quasi-projectivity was also proven in [Mau12, §5] for p ≥ 5 with p ∤ d.
Further remarks. There remains the question of extending these results to characteristic
2. A major hindrance is the lack of a good theory of integral models of orthogonal Shimura
varieties over 2-adic rings of integers; cf. [MP13a, 4.6.5] for a discussion. Once such a theory
is available, it should be straightforward to extend the ideas here to the situation where 2 ∤ d,
though highly 2-divisible d are likely to present new difficulties.
In characteristic 0, it is known that the period map is surjective, once extended to the moduli
of quasi-polarized K3 surfaces. We expect the same assertion to hold in characteristic p. This
question is intimately related that of the existence of a Nero´n-Ogg-Shafarevich type criterion
for the good reduction of K3 surfaces over discrete valuation fields of characteristic p. Such
a criterion is available in characteristic 0 [Kul77, PP81], and for certain K3 surfaces in finite
characteristic [Mat].
The Kuga-Satake construction has appeared in many other contexts in characteristic 0:
cf. [Voi86,Rap72,And96, Lyo12]. It is likely that the methods of this paper will permit us to
extend the construction into positive characteristic in these cases as well, enabling us to also
prove the Tate conjecture in these contexts. Certainly, for cubic fourfolds, the Torelli theorem
from [Voi86] allows us to apply our methods in rather straightforward fashion, and we indicate
this briefly in (5.13; cf. also [Lev01] and [Cha12, Corollary 6].
Notational conventions. For any prime ℓ, νℓ will be the ℓ-adic valuation satisfying νℓ(ℓ) = 1.
Af will denote the ring of finite ade´les over Q, and Ẑ ⊂ Af will be the pro-finite completion
of Z. Given a rational prime p, Apf will denote the ring of prime-to-p finite ade´les; that is, the
restricted product
∏′
ℓ 6=pQℓ. Moreover, Ẑ
p ⊂ Apf will be the closure of Z. Given a perfect field
k of finite characteristic, W (k) will denote its ring of Witt vectors, and σ : W (k)→W (k) will
be the canonical lift of the Frobenius automorphism of k. For any group G, G will denote the
locally constant e´tale sheaf (over a base that will be clear from context) with values in G.
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1. Motives
Throughout this section (and only here), all fields will be assumed to be embeddable in C,
and all varieties will be smooth, projective. Our main reference for this section is [DMOS82].
1.1. Given a field k in characteristic 0, denote by MotAH(k) the neutral Q-linear Tannakian
category of motives over k for absolute Hodge cycles; cf. [Pan94, § 2], where it is denoted Mk.
Its objects are triplesM = (X,n,̟), where X is a smooth projective variety over k, n ∈ Z, and
̟ is an idempotent absolutely Hodge self-correspondence of X . Given such an M and m ∈ Z,
we will write M(m) for the Tate twist (X,n+m,̟). Write h(X) for the motive (X, 0, id).
For each embedding σ : k →֒ C, Betti cohomology gives us a realization functor ωσ for
MotAH(k) into Q-vector spaces. For each prime ℓ, ℓ-adic cohomology gives us a realization
functor ωℓ into Qℓ-vector spaces.
2 In fact, the varying ℓ-adic cohomology theories can be
put together to obtain a realization functor ωAf into Af -vector spaces. Finally, de Rham
cohomology gives us a realization functor ωdR into k-vector spaces. For ? = σ, ℓ,Af , dR, and
M ∈ MotAH(k), we will write M? for the realization ω?(M), especially when we want to call
attention to additional structure: that of a Hodge structure, Galois-module, or filtered vector
space, respectively.
For each varietyX , the Ku¨nneth decomposition onX×X allows us to attach to each d ∈ Z≥0,
an object hd(X) ∈ MotAH(k) such that ω?(h
d(X)) = Hd? (X), for ? = σ, ℓ,Af , dR. If H ∈
CH1(X) is a hyperplane section, then the Lefschetz decomposition gives us an object pd(X) ∈
Mot+AH(k) such that ω?(p
d(X)) = PHd? (X), the primitive cohomology group associated with
H ; cf. [DMOS82, §II.6].
The following result is shown in [DMOS82, II.6.7].
Proposition 1.2. For any extension L/k, there is a natural, faithful functor of Tannakian
categories compatible with fiber functors:
⊗k L :MotAH(k)→MotAH(L).
If k is algebraically closed in L, then this functor is also full. In general, for motives M,N ∈
MotAH(k), a map f : M ⊗k L→ N ⊗k L is defined over k if and only if, for some prime ℓ, its
ℓ-adic realization fℓ commutes with Aut(L/k).

The following can be easily deduced from the main result of [DMOS82, Ch. I].
Theorem 1.3 (Deligne). Let MotAb(k) ⊂MotAH(k) be the full Tannakian sub-category gen-
erated by the motives attached to abelian varieties. Let HdgQ be the Tannakian category of
2One also needs an additional choice of an algebraically closed field containing k, which we suppress.
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Q-Hodge structures. Then, for any embedding σ : k →֒ C, the functor
MotAb(k)→ HdgQ
M 7→Mσ
is faithful. If k is algebraically closed, then it is in fact fully faithful.

1.4. We will need a mildly refined notion of a motive: Let R ⊂ Q be a sub-ring. A motive
with R-structure or an R-motive is a motive M equipped with an Aut(k/k)-stable R ⊗ Ẑ-
latticeMR̂ ⊂MAf . Here, we writeMAf for the . For example, if R = Z, thenMR̂ is a Ẑ-lattice;
and, if R = Z(p), then giving MR̂ amounts to giving a Aut(k/k)-stable Zp-lattice MZp ⊂Mp.
A morphism f : (M,MR̂) → (N,NR̂) of R-motives is a map f : M → N of motives such
that the Af -realization fAf carries MR̂ into NR̂.
Suppose that MR = (M,MR̂) is an R-motive. For any embedding σ : k →֒ C, this also gives
us a canonical R-lattice MR,σ ⊂Mσ obtained as follows. Choose an extension σ : k →֒ C of σ.
This gives us a comparison isomorphism
Mσ ⊗ Af
≃
−→MAf .
We now take MR,σ to be the intersection of the pre-image of MR̂ with Mσ. Since MR̂ is
Aut(k/k)-stable, this does not depend on the choice of σ. Clearly, for any map f : MR → NR
of R-motives, the Betti realization fσ respects the R-lattice MR,σ.
Given an R-motive M , and a prime p not invertible in R, we will write Mp for its associated
Zp-representation of Aut(k/k), and, for any σ : k →֒ C, we will write Mσ for the associated
R-Hodge structure.
For any R-motive M , write AH(M) for the R-module of cycles on M : This is the space of
maps Hom(1,M), where 1 is the identity object; that is 1 = h(pt) with its natural R-structure.
If R →֒ R′ is an inclusion of sub-rings of Q, then there is a natural functor ⊗R R
′ from
R-motives to R′-motives such that
AH(M)⊗R R
′ = AH(M ⊗R R
′),
for any R-motive M .
Definition 1.5. An R-motive M is pure of weight d, for some d ∈ Z, if, for one (hence all)
σ : k →֒ C, Mσ is a pure Hodge structure of weight d. A polarization on a R-motive M that
is pure of weight d is a pairing
ψ :M ⊗M → L(−d)
such that, for any σ : k →֒ C, ψ induces a polarization of the Q-Hodge structure Mσ ⊗R Q.
1.6. One problem with absolute Hodge cycles is that they do not have an analogue in positive
characteristic. We will deal with this in somewhat ad hoc fashion. We now assume that the
field k is equipped with a discrete valuation ν : k× → Z such that the residue field k(ν) is
perfect of characteristic p > 0. Let kν be the completion of k along ν, and let Oν be its ring
of integers. Let BdR be Fontaine’s ring of de Rham periods for kν . For any smooth projective
variety over k, and for d ∈ Z≥0, we have the de Rham comparison isomorphism:
γdR : H
d
p (X)⊗Qp BdR
≃
−→ HddR(X/k)⊗k BdR.
Here, we write Hdp (X) for the p-adic cohomology group H
d
e´t(Xk,Qp), where k is an algebraic
closure of k.
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Definition 1.7. An absolutely Hodge cycle s on X with p-adic realization sp and de Rham
realization sdR is de Rham (with respect to ν), if
γdR(sp ⊗ 1) = sdR ⊗ 1.
Let MotAD,ν(k) be the category defined exactly asMotAH(k) is in [Pan94, § 2], except that
we only allow absolutely de Rham cycles as morphisms. It is easy to see that this is a sub-
category ofMotAH(k). The analogue of [DMOS82, II.6.2] holds in this setting, soMotAD,ν(k)
is semi-simple and in fact Tannakian.
Theorem 1.8 (Blasius-Wintenberger). LetMotAb,ν(k) be the Tannakian sub-category ofMotAD,ν(k)
generated by the motives attached to abelian varieties. Then the natural functor
MotAb,ν(k)→MotAb(k)
is an equivalence of categories.
Proof. This reduces to showing that every (absolutely) Hodge cycle on an abelian variety is de
Rham, which is the main result of [Bla94]. 
1.9. We will now work with pairs (X,X), where X is a k-variety and X is a smooth proper Oν -
scheme equipped with an identification X⊗Oν k(ν) = X ⊗k k(ν). Write X0 for the special fiber
X⊗Oν k(ν). Set W = W (k(ν)); then the crystalline cohomology H
d
cris(X0/W ) is an F -crystal
over W .
LetW (−1) = H2cris(P
1
k(v)/W ), and letW (1) be its dual; note thatW (1)
[
1
p
]
has the structure
of an F -isocrystal over W
[
1
p
]
, but that W (1) is not F -stable.
Let Bcris be Fontaine’s ring of crystalline periods for kν . For d ∈ Z≥0 and m ∈ Z, we have
natural comparison isomorphisms:
γB-O : H
d
cris(X0/W )(m)⊗W kν
≃
−→ HddR(X)(m)⊗k kν ;
γcris : H
d
p (X)(m)⊗Qp Bcris
≃
−→ Hdcris(X0/W )(m)⊗W Bcris.
These isomorphisms are compatible in the sense that
γB-O ◦ (γcris ⊗ 1) = γdR.
Definition 1.10. An absolutely Hodge cycle s ∈ HdAf (X)(m) × H
d
dR(X)(m) is Tate (with
respect to X and ν), if
γ−1B-O(sdR ⊗ 1) ∈ H
d
cris(X0/W )(m)⊗W k(ν)
is an F -invariant element of Hdcris(X0/W )(m)
[
1
p
]
. We will denote this F -invariant element by
scris: it is the crystalline realization of s.
We say that s is crystalline (with respect to X and ν) if it is Tate, and if γcris(sp ⊗ 1) =
scris ⊗ 1.
Since the comparison isomorphisms are compatible with cycle classes and Poincare´ duality,
we see that algebraic cycle classes are crystalline. Similar statements hold for the Ku¨nneth and
Lefschetz decompositions.
Lemma 1.11. The notion of being Tate or crystalline does not depend on the choice of model
X. In fact, an absolutely Hodge cycle is crystalline if and only if it is de Rham. Moreover, the
F -isocrystal Hdcris(X0/W )
[
1
p
]
is also independent of the choice of model X.
Proof. Since γdR is compatible with γB-O and γcris, and since γcris(sp⊗1) is always F -invariant,
s is crystalline if and only if γdR(sp ⊗ 1) = sdR ⊗ 1; that is, if and only if s is de Rham. From
this, the first two assertions are immediate.
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For the third, we now only have to note thatHdcris(X0/W )
[
1
p
]
is identified with the Gal(kν/kν)-
invariants of Hdp (X)⊗Qp Bcris. 
1.12. Let MotAC,ν(k) ⊂ MotAH(k) be the sub-category whose objects are triples (X,m, π),
where X has good reduction at ν, and π is crystalline. Morphisms are given as before, except
that we restrict ourselves to absolutely crystalline cycles. Just like MotAD,ν(k), MotAC,ν(k)
is also Tannakian. Note that, by (1.11) above, any object M of MotAC,ν has a canonical
crystalline realization Mcris that is an F -isocrystal over W
[
1
p
]
and is equipped with a natural
isomorphism of kν-vector spaces
Mcris ⊗W [ 1p ]
kν
≃
−→MdR ⊗k kν .
The next result follows easily from (1.11) and (1.8):
Proposition 1.13. LetMot◦Ab,ν(k) (resp. Mot
◦
Ab,ν,cris(k)) be the full sub-category ofMotAH(k)
(resp. Mot◦AC,ν(k)) generated by the motives attached to abelian varieties with good reduction
at ν. Then the natural functor
Mot◦Ab,ν,cris(k)→MotAb(k)
is fully faithful and its essential image is Mot◦Ab,ν(k).

2. Moduli of K3 surfaces
Our main references for this section are [Riz06,Riz,Mau12,Ogu79].
2.1. A K3 surface over a scheme S is an algebraic space f : X → S over S that is
proper, smooth and whose geometric fibers are K3 surfaces. A polarization (resp. a quasi-
polarization) of a K3 surface X → S is a section ξ ∈ Pic(X/S)(S) whose fiber at each
geometric point s → S is a polarization (resp. a quasi-polarization); that is, the class of an
ample (resp. big and nef3) line bundle, of the K3 surface Xs over k(s). There is an intersection
pairing on Pic(X/S) with values in the locally constant sheaf Z; the degree deg(ξ) ∈ H0(S,Z)
of a (quasi-)polarization ξ is the value of its pairing with itself. The restriction of deg(ξ) to any
connected component of S is a non-zero positive integer. A section ξ of Pic(X/S) is primitive
if, for all geometric points s→ S, ξ(s) is primitive; that is, ξ(s) is not a non-trivial multiple of
any element of Pic(Xs).
Fix an integer d ∈ Z>0, and let M2d (resp. M
◦
2d) be the moduli problem over Z
[
1
2
]
that
assigns to every Z
[
1
2
]
-scheme S the groupoid of tuples (f : X → S, ξ), where X → S is a K3
surface and ξ is a primitive quasi-polarization (resp. polarization) of X with deg(ξ) = 2d.
Proposition 2.2. The natural map M◦2d → M2d is an open immersion of Deligne-Mumford
stacks of finite type over Z, fiber-by-fiber dense. Moreover, M◦2d is separated.
Proof. Everything except the fiber-by-fiber density of the image of the map can be found in
[Riz06, 4.3.3] and [Mau12, Proposition 2.1]. Showing the claimed density amounts to seeing
that any quasi-polarized K3 surface (X0, ξ0) over a field k admits a deformation (X, ξ) such
that ξ is an ample class. Indeed, let D0 be a divisor on X0 with class ξ0. Then 3D0 determines
a base-point free map X0 → P
N whose image is a surface with isolated ordinary double-
point singularities. The pre-images of the singularities are (−2)-rational curves on X0. If a
deformation (X, ξ) of (X0, ξ0) is not polarized, then one of these (−2)-curves must also permit
3‘big’ equals being the tensor product of an ample line bundle with an effective one.
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a deformation to X . It is easy to check using the Riemann-Roch formula that deforming a (−2)-
curve on a K3 surface is equivalent to deforming its divisor class, and so [LO12, Theorem A.7]
shows that the deformation locus of a (−2)-curve in the versal deformation space of (X0, ξ0)
has co-dimension 1. This implies in turn that the locus where the versal deformation is not
polarized is a union of co-dimension 1 sub-spaces, and so finishes the proof of the proposition.
Notice that the proof shows that the complement of M◦2d in M2d is flat over Z
[
1
2
]
and has pure
co-dimension 1. 
2.3. Let (f : X → M2d, ξ) be the universal object over M2d. For any prime ℓ, the second
relative e´tale cohomology H2ℓ of X over M2d,Z[ 12ℓ ]
with coefficients in Zℓ is a lisse Zℓ-sheaf of
rank 22 equipped with a perfect, symmetric Poincare´ pairing
〈 , 〉 :H2ℓ ×H
2
ℓ → Zℓ(−2).
We will actually be equippingH2ℓ with the negative of the conventional pairing. In characteristic
0, this means that we are viewing the Betti cohomology groups of K3 surfaces as being quadratic
spaces of signature (19+, 3−).
The ℓ-adic Chern class chℓ(ξ) of ξ is a global section of the Tate twist H
2
ℓ (1) that satisfies
〈chℓ(ξ), chℓ(ξ)〉 = −2d. We set
P 2ℓ = 〈chℓ(ξ)〉
⊥(−1) ⊂H2ℓ .
This is a lisse Zℓ-sheaf over M2d,[ 12ℓ ]
of rank 21 and it inherits a symmetric Zℓ(−2)-valued
pairing 〈 , 〉, which is perfect if ℓ ∤ d.
2.4. There is also the second relative de Rham cohomology H2dR of X over M2d. This is a
vector bundle with flat connection of rank 22 equipped with a Hodge filtration F •H2dR satisfying
Griffiths transversality. It is also equipped with a perfect, horizontal, symmetric pairing 〈 , 〉
into OM2d . The filtration then is of the form
0 = F 3H2dR ⊂ F
2H2dR ⊂ F
1H2dR =
(
F 2H2dR
)⊥
⊂ F 0H2dR =H
2
dR,
determined by the isotropic line F 2H2dR. The de Rham Chern class chdR(ξ) attached to ξ is a
horizontal global section of F 1H2dR satisfying 〈chdR(ξ), chdR(ξ)〉 = −2d. Again, we set
P 2dR = 〈chdR(ξ)〉
⊥ ⊂H2dR.
This is a vector sub-bundle of H2dR of rank 21, and it inherits the connection, the filtration and
the symmetric pairing from H2dR.
For any prime p, over M2d,Fp, the induced vector bundle H
2
dR,Fp
is equipped with an de-
creasing, horizontal filtration F •conH
2
dR,Fp
called the conjugate filtration (cf. [Ogu79, §1] for
this and the rest of the discussion in this paragraph). Suppose that k is an algebraically closed
field over Fp and we have a map s : Spec k → M2d. We say that s is superspecial if the fiber
of chdR(ξ) in F
1H2dR,s lies in F
2H2dR,s. In this case, we have
F 2H2dR,s = F
2
conH
2
dR,s.
We say that s is ordinary if Xs is ordinary; that is, if F
2H2dR,s ∩ F
2
conH
2
dR,s = 0.
We now recall some definitions and results from [VZ10].
Definition 2.5. A regular local Z(p)-algebra R with maximal ideal m is quasi-healthy if it is
faithfully flat over Z(p), and if every abelian scheme over Spec R\{m} extends uniquely to an
abelian scheme over Spec R.
A regular Z(p)-scheme X is healthy if it is faithfully flat over Z(p), and if, for every open
sub-scheme U ⊂ X containing XQ and all generic points of XFp , every abelian scheme over U
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extends uniquely to an abelian scheme overX . It is locally healthy if, for every point x ∈ XFp
of co-dimension at least 2, the complete local ring ÔX,x is quasi-healthy.
Remark 2.6. • Any regular, flat Z(p)-scheme of dimension at most 1 is trivially healthy.
• By faithfully flat descent, a regular local ring R is quasi-healthy whenever its completion
R̂ is quasi-healthy.
• If X is locally healthy, then it is healthy. Indeed, suppose that U ⊂ X is as in the
definition of ‘healthy’ above; the complement X\U lies entirely in the special fiber and
has co-dimension at least 2 in X . The claim follows by using ascending Noetherian
induction on the co-dimension of X\U , and repeatedly using quasi-healthiness of the
local rings of X .
We do not know if the converse holds.
Theorem 2.7 ((Vasiu-Zink)). Let R be a regular local, faithfully flat Z(p)-algebra of dimension
at least 2.
(1) Suppose that there exists a faithfully flat complete local R-algebra Rˆ that admits a
surjection Rˆ ։ W [|T1, T2|]/(p − h), where h ∈ (T1, T2)W [|T1, T2|] is a power series
that does not belong to the ideal (p, T p1 , T
p
2 , T
p−1
1 T
p−1
2 ). Then R is quasi-healthy.
(2) Let mR ⊂ R be the maximal ideal and suppose that p /∈ m
p
R. Then R is quasi-healthy.
(3) If R is a formally smooth complete local Z(p)-algebra, then R is quasi-healthy.
Proof. Cf. Theorem 3 and Corollary 4 of [VZ10]. 
We can encapsulate the deformation theory of K3 surfaces in the following
Theorem 2.8. Let X0 be a K3 surface over a perfect field k of characteristic p > 0. Then:
(1) The deformation functor DefX0 for X0 is pro-representable and formally smooth of
dimension 20 over W (k).
(2) For any class ξ0 ∈ Pic(X0), the deformation functor Def(X0,ξ0) for the pair (X0, ξ0) is
pro-represented by a flat, formal sub-scheme of DefX0 defined by a single equation.
(3) If ξ0 is primitive, then chdR(ξ0) 6= 0, and Def(X0,ξ0) is formally smooth, unless chdR(ξ0)
lies in F 2H2dR(X0/k). In particular, Def(X0,ξ0) is formally smooth whenever X0 is
ordinary.
(4) If ξ0 is primitive and chdR(ξ0) lies in F
2H2dR(X0/k), then νp(deg(ξ0)) = 1, and Def(X0,ξ0)
is quasi-healthy regular.
Proof. (1) and (2) are due to Deligne; cf. [Del81, 1.2,1.5]. (3) can be found in [Ogu79, 2.2].
For (4), that νp(deg(ξ0)) = 1 follows from (a suitable adaptation of) the argument in [MP13b,
5.20]. The main point is that the de Rham cohomology of any lift of X0 overW (k) is a strongly
divisible filtered F -crystal in the sense of [Ogu78, 3.9]. This follows from [BO78, 8.26] and
[Laf80, Prop 5.2].
Now, Ogus [Ogu79, 2.2] shows that the deformation ring for Def(X0,ξ0) is isomorphic to
W [|t1, . . . , t10, u1, . . . , u10|]/(
∑
i
tiui − deg(ξ0)).
So it follows from Vasiu and Zink’s criterion (2.7) that this ring is quasi-healthy regular. 
Corollary 2.9. Let r be the product of primes ℓ > 2 such that ℓ | d, but ℓ2 ∤ d.
(1) M2d,Z[ 12r ]
is smooth over Z
[
1
2r
]
of relative dimension 19.
(2) If p | r, then the singular locus of M2d,Fp is at most 0-dimensional, and lies within the
superspecial locus.
(3) All mixed characteristic complete local rings of M2d,Z[ 12 ]
of dimension at least 2 are
quasi-healthy regular.
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Proof. (1) is an immediate consequence of (3) and (4) of (2.8).
For (2), we first note that the singular points of M2d,Fp are all superspecial and that their
complete local rings are quasi-healthy regular, by loc. cit.. The assertion is now a consequence
of the fact that there are no non-trivial infinitesimal families of quasi-polarized superspecial K3
surfaces (cf [Ogu79, Remark 2.7]).
For (3), we only need to worry about the complete local rings of M2d,Z[ 12 ]
at points valued
in fields of characteristic p | r. By (2), the completions at the non-closed such points are
formally smooth and hence quasi-healthy regular. The completions at the closed such points
are quasi-healthy regular, as we have already observed. 
2.10. We will need moduli spaces of K3 surfaces with level structure; cf. [Riz06, §4]. Let U
be the hyperbolic lattice over Z of rank 2; let N be the self-dual lattice U⊕3 ⊕ E⊕28 . Choose a
basis e, f for (say) the first copy of U in N . Set
Ld = 〈e− df〉
⊥ ⊂ N.
This is a quadratic lattice over Z of discriminant 2d; let L∨d ⊂ Vd := Ld,Q be its dual lattice.
Set Gd = SO(Vd): it is a semi-simple algebraic group over Q.
Let K ⊂ Gd(Af ) be a compact open sub-group that stabilizes Ld,Ẑ and acts trivially on
L∨d /Ld. The maximal such sub-group is called the discriminant kernel of Ld,Ẑ. These
compact opens are called admissible in [Riz06]. Strictly speaking, Rizov’s definition of admis-
sibility is the following: First, note that Gd can be viewed as the sub-group of isometries of V
that fix e − df . Now, a compact open sub-group K ⊂ Gd(Af ) is admissible if every element
of K, viewed as an isometry of VAf , stabilizes LẐ. That this is equivalent to our definition is
shown in [MP13b, 2.2].
We will now fix an admissible compact open K ⊂ Gd(Af ) such that Kp ⊂ Gd(Qp) is the
discriminant kernel of Ld,Zp .
Over M2d,Z(p), the relative ℓ-adic cohomology sheaves H
2
ℓ , for ℓ 6= p, can be put together to
get the Ẑp-sheaf H2
Ẑp
=
∏
ℓ 6=pH
2
ℓ . Then the Chern classes of ξ can also be put together to get
the Chern class ch
Ẑp
(ξ) in H2
Ẑp
(1). Let Ip be the e´tale sheaf over M2d,Z(p) , whose sections over
any scheme T → M2d,Z(p) are given by
Ip(T ) =
{
Isometries η : L⊗ Ẑ
p ≃
−→H2
Ẑp,T
(1) with η(e − df) = ch
Ẑp
(ξ)
}
This has a natural right action via pre-composition by the constant sheaf of groups Kp. A
section [η] ∈ H0(T, Ip/Kp) is called a Kp-level structure over T .
We define M2d,K,Z(p) to be the relative moduli problem over M2d,Z(p) that attaches to T →
M2d,Z(p) the set of K
p-level structures over T .
Proposition 2.11. M2d,K,Z(p) is finite and e´tale over M2d,Z(p). For K
p small enough, it is an
algebraic space over Z(p). It is healthy regular, and, unless νp(d) = 1, it is smooth over Z(p).
Proof. Both finiteness and e´taleness are clear from the definition. As for the second assertion,
the key point is to show that a quasi-polarized K3 surface with Kp-level structure has trivial
automorphism group. This is shown in [Mau12, 2.8], which is based on [Riz06, 6.2.2].
The last assertion follows from (2.9). 
3. Shimura varieties
Our main reference for this section will be [MP13b].
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3.1. Let L be a quadratic lattice over Z of signature (n, 2) with n ≥ 1. We will write Q for
the quadratic form on L, and [ , ]Q for the associated bilinear form. Then one can associate
with L a Shimura variety Sh(L). It is a smooth Deligne-Mumford stack over Q such that, as
complex orbifolds, we have:
Sh(L)(C) = GL(Q)\
(
XL ×GL(Af )/KL
)
.
Here, XL is the space of oriented negative definite planes in LR, GL is the reductive Q-group
SO(LQ), andKL ⊂ GL(Af ) be the discriminant kernel of LẐ: the largest sub-group of SO(L)(Ẑ)
that acts trivially on the discriminant disc(L) = L∨/L, where L∨ ⊂ LQ is the dual lattice.
For the rest of this section, we will make the simplifying hypothesis that L contains a
hyperbolic plane: That is, we will assume that there exist isotropic elements e, f ∈ L such that
[e, f ]Q = 1. Then we will have (use strong approximation for the Spin cover of GL):
Sh(L)(C) = ΓL\XL,
where ΓL ⊂ SO(L)(Z) is the discriminant kernel.
Every compact open sub-group K ⊂ K(L) determines a finite e´tale cover ShK(L)→ Sh(L),
defined over Q, with
ShK(L)(C) = GL(Q)\
(
XL ×GL(Af )/K
)
.
If K is neat4, then ShK is a smooth quasi-projective variety over Q.
3.2. We will now show that, in the language of Section 1, Sh(L) carries a canonical family of
Z-motives L. For details, cf. [MP13b, § 3].
To begin, the Betti realization LB will just be the local system on Sh(L)(C) attached to
the tautological representation L of Γ+L . Note that LB is equipped with a canonical symmetric
bilinear form, which equips it with an injective map LB → L
∨
B into its dual local system. The
finite local system L∨B/LB with its Q/Z-valued quadratic form is canonically isomorphic to the
constant sheaf L∨/L over Sh(L)(C). Furthermore, the determinant det(LB) is also identified
with the constant sheaf det(L) with its natural quadratic form.
For any prime ℓ, the ℓ-adic local system attached to LB has a canonical descent over Sh(L),
which we denote by Lℓ. In fact, if K(ℓ
n) ⊂ KL is the largest sub-group acting trivially
on L/ℓnL, then Lℓ is pro-represented over Sh(L) by the inverse system of finite e´tale covers
{ShK(ℓn)(L)}n≥1
The analytic vector bundle with integrable connection LB ⊗ O
an
Sh(L)C
has a canonical alge-
braizationLdR,C over Sh(L)C, which also descends canonically to a vector bundle with integrable
connection LdR,Q over Sh(L). This vector bundle has the additional structure of a three-step
filtration by vector sub-bundles:
0 = F 2LdR,Q ⊂ F
1LdR,Q ⊂ F
0LdR,Q = (F
1LdR,Q)
⊥ ⊂ F−1LdR,Q = LdR,Q.
Here, F 1LdR,Q ⊂ LdR,Q is isotropic of rank 1.
In fact, the pair (LB, F
•LdR,C) forms a polarized variation of Z-Hodge structures of weight
0 over Sh(L)(C). At each point of Sh(L)(C), it gives rise to a Z-Hodge structure with Hodge
numbers h−1,1 = h1,−1 = 1, h0,0 = n.
This allows us to give a moduli-theoretic description of Sh(L): Suppose that T is a smooth
complex analytic space and f : T → Sh(L)(C) is a map of smooth complex analytic stacks.
We can attach to it the polarized variation of Z-Hodge structures (f∗LB, F
•f∗LandR,C), and
canonical identifications of the sheaves f∗L∨B/f
∗LB and det(f
∗LB) with the constant sheaves
L∨/L and det(L), respectively. This gives us (cf. [Mil94, 3.10]):
4This means that, for every g ∈ GL(Af ), the discrete group GL(Q) ∩ gKg
−1 is torsion-free.
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Proposition 3.3. The above process gives us a canonical equivalence between the category of
maps of analytic stacks T → Sh(L)(C) and the category of tuples
(U , F •
(
U ⊗Z OT
)
, η, β),
where:
•
(
U , F •
(
U⊗ZOT
))
is a polarized variation of Z-Hodge structures over T with constant
Hodge numbers h−1,1 = h1,−1 = 1, h0,0 = n.
• η : L∨/L
≃
−→ U∨/U and β : det(L)
≃
−→ det(U) are isomorphisms of sheaves of abelian
groups over T , compatible with the natural pairings.
The local system U with its polarization pairing must satisfy the following additional condition:
For every point t ∈ T , there exists an isometry of quadratic lattices L
≃
−→ Ut inducing ηt and
βt.
If T is a smooth algebraic variety over C, this category can also be identified with the category
of maps of algebraic stacks T → Sh(L)C.

3.4. The sheaves constructed above can all be viewed as realizations of a family of Z-motives
over Sh(L). This is essentially shown in [MP13b, § 3], with the additional inputs being (1.3)
and (1.8). The main idea is that there exists a finite e´tale cover S˜h(L) → Sh(L)5 attached to
the central extension GSpin(LQ)→ GL, and an abelian scheme A
KS over S˜h(L) with an action
of the Clifford algebra C(L), called the Kuga-Satake abelian scheme. This abelian scheme
arises from the natural action of GSpin(LQ) on C(LQ) via left multiplication.
It has the following properties: For every point s→ Sh(L) with lift ssp → S˜h(L), the motive
h1(AKSssp) ⊗
(
h1(AKSssp)
)∨
, with its natural Z-structure, depends only on s; we will denote it by
H
⊗(1,1)
s . Furthermore, there is a natural idempotent operator pis on H
⊗(1,1)
s such that, if
Ls = impis ⊂ H
⊗(1,1)
s , then the various realizations of Ls are canonically identified with the
fibers at s of the sheaves LB,Lℓ,LdR,Q seen above.
In particular, we can view AH(Ls) as a space of (C(L)-equivariant) endomorphisms of A
KS
ssp ,
which we will refer to as special endomorphisms. If s is a geometric point valued in a field
embedded in C, we will have:
AH(Ls) = LB,s ∩ F
0LdR,s,C ⊂H
⊗(1,1)
B,s ∩ F
0H
⊗(1,1)
dR,s,C = End(A
KS
ssp ).
In general, given T → Sh(L), we can define a ‘special endomorphism’ over T as follows: The
endomorphism scheme End(AKS) over S˜h(L) has a canonical descent over Sh(L) [MP13b, 5.24].
Write E for this descent; then the space of special endomorphisms L(T ) will consist of sections
of E over T whose fibers at every geometric point s → T lie in AH(Ls). Denote the space of
special endomorphisms over T by L(T ).
3.5. From now on, we will further assume that the following condition: For every prime p > 2,
at least one of the following conditions holds:
• LZ(p) is maximal. That is, there is no bigger Z(p)-lattice in LQ on which the quadratic
form is Z(p)-valued.
• The p-primary part of the discriminant L∨/L is cyclic.
The main result of [MP13b] is:
Theorem 3.6 ([MP13b, 8.1]). Under these assumptions, Sh(L) admits an integral canonical
model S (L) over Z[2−1].
5This map is actually a bijection on geometric points.
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The terminology here requires a bit of explanation. First, for every prime p > 2, let Shp(L)
be the pro-variety
lim
←−
Kp⊂GL(A
p
f
)
ShKL,pKp(L).
It has a natural Hecke action by GL(A
p
f ). An integral canonical model for Shp(L) over
Z(p) is a locally healthy, regular pro-Z(p)-scheme Sp(L) with generic fiber Shp(L) satisfying
the following extension property: For any locally healthy regular scheme S over Z(p), any
map of generic fibers S ⊗ Q → Shp(L) extends (uniquely) to a map S → Sp(L). A smooth
integral canonical model S smp (L) is defined similarly, except that we require it to be regular
and formally smooth, and in the definition of the extension property, we restrict ourselves to
schemes S that are regular, formally smooth; cf. [MP13b, 8.5].
The integral canonical model (resp. smooth integral canonical model) is uniquely determined
by these conditions. In particular, the action of GL(A
p
f ) on Shp(L) extends to an action
on Sp(L) or S
sm
p (L), and so, for any compact open K
p ⊂ GL(A
p
f ), one obtains a model
SK(L)(p) = Sp(L)/K
p (resp. S smK (L)(p) = S
sm
p (L)/K
p) for ShKL,pKp(L). Here, we view the
quotient in the category of algebraic stacks over Z(p).
We can now explain the meaning of (3.6). The model S (L) over Z[2−1] is the unique one
that satisfies the following property: For every p > 2 such that LZ(p) is maximal (resp. is non-
maximal with cyclic discriminant), Shp(L) admits an integral canonical model Sp(L) (resp. a
smooth integral canonical model S smp (L)) over Z(p) such that S (L)⊗Z(p) = SKL(L)(p) (resp.
S (L)⊗ Z(p) = S
sm
KL
(L)(p)).
3.7. The integral model above carries a natural extension of the family of motives L; cf. the
discussion in [MP13b, 8.7,8.10]. For simplicity, write S for the stack S (L). Quite formally,
for any prime ℓ, we can view Lℓ as an ℓ-adic lisse sheaf over S [ℓ
−1]. Moreover, the de Rham
realization LdR,Q extends to a vector bundle with integrable connection LdR over S . The
tautological isotropic line F 1LdR,Q also extends to an isotropic line F
1LdR ⊂ LdR.
Also, for any prime p > 2, there is a natural F -crystal of vector bundles Lcris over the
crystalline site (SFp/Zp)cris, whose Zariski realization over SZp is canonically identified with
LdR,Zp as a vector bundle with integrable connection. The deformation theory of S is governed
by the line F 1LdR: Lifting a map T → S over a first-order nilpotent thickening T →֒ T
′
is equivalent to lifting the isotropic line F 1LdR,T over T
′ (the lift of LdR,T over T
′ being
determined by its crystalline nature).
Suppose now that E is a field of characteristic 0 equipped with a discrete valuation ν with
residue field k of characteristic p > 2, and suppose that we have an E-valued point s : SpecE →
Sh(L) that extends to an OE,(v)-valued point of S . Then, in the notation of (1.13), the motive
Vs := Ls⊗Q belongs to the categoryMot
◦
Ab,ν(E). In fact, the crystalline realization of Vs can
be identified with Lcris,s0 ⊗ Q, where s0 : Spec k → S is the specialization of s, and Lcris,s0 is
the evaluation of Lcris on the pro-nilpotent divided power thickening Spec k →֒ SpecW (k). In
particular, there exists a canonical crystalline comparison isomorphism
Lp,s ⊗Zp Bcris
≃
−→ Lcris,s0 ⊗W (k) Bcris.(3.7.1)
Here, s is a geometric point of Sh(L) lying above s.
The notion of a special endomorphism can also be extended to work over S . The finite
cover S˜h(L)→ Sh(L) attached to the GSpin cover of GL extends to a finite e´tale map S˜ → S
of (smooth) integral canonical models, and the Kuga-Satake abelian scheme also extends to an
abelian scheme AKS over S˜ . IfHdR is the relative first de Rham cohomology sheaf of A
KS over
S˜ , the inclusion LdR,Q →֒ H
⊗(1,1)
dR,Q of vector bundles with flat connection over S˜h(L) extends
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to an inclusion LdR ⊂ H
⊗(1,1)
dR over S˜ . In turn, over S˜Fp , this provides us an inclusion of
F -crystals Lcris ⊂H
⊗(1,1)
cris .
If s → S˜ is a point valued in a perfect field of characteristic p > 2, we say that an endo-
morphism of AKSs is special if its crystalline realization in H
⊗(1,1)
s actually lies in Lcris,s. This
automatically implies that its ℓ-adic realizations, for ℓ 6= p, lie in Lℓ,s; cf. [MP13b, 5.12]. In
general, given an S˜ -scheme T , we say that an endomorphism of AKST is special if its restriction
over every geometric point of T is special.
Just as in the characteristic 0 situation, the endomorphism sheaf of AKS descends to a sheaf
E over S along with the inclusion of crystals Lcris ⊂ H
⊗(1,1)
s . This allows us to speak of the
group of ‘special endomorphisms’ L(T ) over any S -scheme T even if the abelian scheme AKS
does not descend over T ; cf. [MP13b, 8.13 ].
3.8. Suppose that we have a maximal quadratic lattice L′ of signature (n + r, 2) and an
isometric embedding L →֒ L′ mapping L onto a direct summand of L′. This gives rise to maps
S → S (L′) and S˜ → S˜ (L′). There is now an additional notion of a special endomorphism
over any S -scheme T arising from its induced structure as an S (L′)-scheme. Denote by L′(T )
the space consisting of this latter kind of special endomorphism.
Let Λ = L⊥ ⊂ L′. Then the relationship between L(T ) and L′(T ) can be described as
follows [MP13b, 8.12]:
Proposition 3.9. There is a canonical isometric embedding Λ ⊂ L′(S ), such that, for any
S -scheme T , we have a natural isometry:
L(T )
≃
−→ Λ⊥ ⊂ L′(T ).
This is compatible with isometries of sheaves:
Lℓ
≃
−→ Λ⊥ ⊂ L′ℓ|S [ℓ−1], for any prime ℓ;
LdR
≃
−→ Λ⊥ ⊂ L′dR|S ;
Lcris
≃
−→ Λ⊥ ⊂ L′dR|(SFp/Zp)cris , for any prime p > 2.

4. The Kuga-Satake period map over Z
[
1
2
]
In this section, we will study the classical period map for the moduli of K3 surfaces and
show that it has an extension over Z[2−1] with good properties. This allows us to extend the
Kuga-Satake construction for K3 surfaces over fields of characteristic p 6= 2.
4.1. Let Ld be the quadratic lattice from (2.10): This is maximal at all primes p > 2 such
that p2 ∤ d and has cyclic discriminant. So the theory of Section 3 gives us an integral canonical
model S (Ld) for Sh(Ld) over Z[2
−1].
Over Man2d,C, we have a natural isometric trivialization
η : disc(Ld)
≃
−→ disc(P 2B).
Indeed, for any point s→ M2d,C, there is a canonical isometry:
ηs : disc(Ld)
≃
−→
N
Ld ⊕ 〈e − df〉
≃
−→
H2B,s
P 2B,s ⊕ 〈ch(λ)〉
≃
−→ disc(P 2B,s),
induced by any isometry N
≃
−→ H2B,s carrying e − df to ch(λ). Now, η is the unique global
isometry that interpolates the ηs.
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Let M˜2d → M2d be the two-fold finite e´tale cover parameterizing isometric trivializations
det(Ld)⊗ Z2
≃
−→ det(P 22 ) of the determinant of the primitive 2-adic cohomology of the universal
quasi-polarized K3 surface. We can identify M˜2d,C with the space of isometric trivializations
det(Ld)
≃
−→ det(P 2B) of the determinant of the primitive Betti cohomology.
Applying (3.3), we obtain:
Proposition 4.2. There is a natural period map
ιKS,C : M˜2d,C → Sh(Ld)C
attached to the tuple (P 2B, F
•P 2dR,C, η, β), where β is the tautological trivialization of det(P
2
B)
over M˜2d,C.

Cf. also [Riz, Prop. 2.5] for a similar construction for (a finite cover of) M◦2d,C, and [Mau12,
5.7] for its extension over the quasi-polarized locus.
Proposition 4.3. For every point s ∈ M˜2d(C), there is a canonical isomorphism of Z-motives:
LιKS,C(s)(−1)
≃
−→ P 2s .
Proof. This is shown as in the proof of [DMOS82, II.6.26(d)]. Here are some more details: To
begin, from the very construction of ιKS,C there exists a canonical isometry
αB : ι
∗
KS,CLB(−1)
≃
−→ P 2B
of polarized variations of Z-Hodge structures over M˜an2d,C. We can view this as a section of the
variation of Z-Hodge structures
(
ι∗KS,CH
⊗(1,1)
B ⊗ P
2
B
)
(1). After replacing M˜2d by a finite e´tale
cover T , we can view H
⊗(1,1)
B as the relative cohomology sheaf of a family of abelian varieties.
As in loc. cit., we can show by hand that αB,s is absolutely Hodge when X s is a Kummer
K3. Now we can appeal to Principle B of [DMOS82, Ch. I], which states that a horizontal
Hodge cycle (on a family of smooth projective varieties over a smooth connected variety) that is
absolutely Hodge at one point is absolutely Hodge everywhere. To apply this, we have to show
that every connected component of T contains a Kummer point. Since M2d,C is irreducible
(cf. 4.16), it suffices to exhibit a single Kummer surface over C equipped with a primitive
quasi-polarization of degree 2d.
Let A be an abelian surface over C equipped with a polarization λ of degree 2d. Then the
Kummer surface X attached to A is constructed as follows: One takes the blow-up A˜ of the 2-
torsion in A, and then quotients A˜ by the action of the canonical lift ι of the involution [−1] on A
given by multiplication by −1. Any polarization on A gives rise to an ample class λ ∈ NS(A) and
the pull-back of 2λ = λ+[−1]∗λ over A˜ descends to a quasi-polarization ξ ∈ NS(X). Moreover,
if the polarization is of degree d2, then by Riemann-Roch [Mum70, III.16], λ has self-intersection
2d, and, since A˜→ X is a degree 2 map of smooth surfaces, ξ has self-intersection 2d as well.
So, to finish, we have to construct an abelian surface A with a primitive polarization of
degree d2. For this, take A = E × E, with E an elliptic curve, and the polarization to be the
endomorphism f × (f ◦ [d]), where f : E
≃
−→ E∨ is the canonical polarization of E. 
Corollary 4.4 (Rizov). ιKS,C descends to a map
ιKS,Q : M˜2d,Q → Sh(Ld).
Proof. This is essentially [Riz, 3.16] (cf. also [Mau12, 5.7]). Rizov shows that the map descends
over Q by proving the existence of a dense set of ‘CM points’, for which the reciprocity law is
compatible with Shimura-Taniyama reciprocity for CM points on the canonical model Sh(Ld).
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But we will provide a different proof, using the theory of motives for absolute Hodge cycles.
It is enough to see that, for every σ ∈ Aut(C), ιKS,C ◦ σ = σ ◦ ιKS,C. For this, from (3.3),
it is enough to see that both maps induce the same tuples (up to isomorphism) over M˜2d,C.
This is easy to deduce from the following consequence of (4.3): For every s ∈ M˜2d,C, there are
canonical isomorphisms of Z-Hodge structures:
Lσ(ιKS,C(s))(−1)
≃
−→ P 2σ(s)
≃
−→ LιKS,C(σ(s))(−1).

4.5. For the sake of convenience, given any sheaf F over Sh(Ld) (with respect to any of the
natural Grothendieck topologies), we will denote its pull-back along ιKS,C again by the same
letter F . This will apply in particular to the various realizations of the family of Z-motives L.
Via the de Rham comparison isomorphism, αB gives rise to a canonical isometry of polarized
filtered vector bundles with flat connection:
αdR,C : LdR,C(−1)
≃
−→ P 2dR,C.
That this isometry is algebraic follows from [Del70] and the fact that both flat bundles have
regular singularities along the boundary divisor in a suitable compactification of M˜◦2d,C.
Via Artin’s comparison isomorphisms, for any prime ℓ, we also obtain compatible isometries
of polarized local systems on M˜2d,C:
αℓ : Lℓ(−1)
≃
−→ P 2ℓ
Proposition 4.6.
(1) For each prime ℓ, the isometry αℓ is defined over M˜2d,Q (and hence over M˜2d,Z[(2ℓ)−1]).
(2) The isomorphism αdR,C descends to an isometry
αdR,Q : LdR,Q(−1)
≃
−→ P 2dR,Q
of filtered polarized vector bundles with flat connection over M˜2d,Q.
(3) For every point s : SpecF → M˜2d,Q, there is a canonical isometry of Z-motives
Ls(−1)
≃
−→ P 2s . In particular, P
2
s is a motive in MotAb(F ) with Z-structure.
(4) If ν : F → Z is a discrete valuation on F , then the isomorphism Ls(−1)
≃
−→ P 2s is a
map of motives in MotAD,v(F ) with Z-structure (cf. 1.6).
Proof. To prove (1), it is sufficient to show that the ℓ-adic sheaf P 2ℓ does not admit any
non-trivial isometries over M˜2d,C with trivial determinant. This follows from the fact that
the attached monodromy representation is irreducible—a fact that can be deduced from the
openness of the period map ιKSC ; cf. [Del72, 6.4].
By (4.3), given a point s ∈ M˜2d(C), the isometry of Hodge structures
αB,s : LB,s(−1)
≃
−→ P 2B,s
is absolutely Hodge. If we are now given a point s ∈ M˜2d(F ), where F is a field of characteristic
0 that is embeddable in C, using (1) for any ℓ and (1.2), we find that there exists a unique
isometry of polarized Z-motives
αs : Ls(−1)
≃
−→ P 2s
such that, for any embedding τ : F →֒ C, it induces the realizations αB,τ(s), αℓ,τ(s) and αdR,τ(s).
This shows (3).
Applying (3) to the generic points of M˜2d,Q, we get (2).
(4) now follows from the argument used for the proof of [Bla94, 3.1(3)]; cf. also the proof of
(4.3). 
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Proposition 4.7. ιKSQ extends to a map
ιKS : M˜2d → S (Ld)
Proof. For every compact open K ⊂ KLd , write M˜2d,K,Q for the pull-back of M2d,K,Q over
M˜2d,Q. Then the map ι
KS
Q lifts naturally to a map ι
KS
K,Q : M˜2d,K,Q → ShK(Ld).
Fix a prime p > 2, and write M˜2d,KLd,p for the Z(p)-scheme defined as the inverse limit
lim
←−
Kp⊂Gd(A
p
f
)
M˜2d,KLd,pK
p,Z(p) .
Then M˜2d,KLd,p,Q admits a map ι
KS
KLd,p,Q
to Shp(Ld) giving rise to ι
KS
K,Q at each finite level.
Therefore, if νp(d) ≤ 1 (resp. νp(d) > 1), by the extension property of the integral canonical
model Sp(Ld) (resp. the smooth integral canonical model S
sm
p (Ld)), ι
KS
KLd,p,Q
extends uniquely
to a map
ιKSKLd,p
: M˜2d,KLd,p → Sp(Ld) (or S
sm
p (Ld)).
In turn, this gives us an extension over Z(p):
ιKSZ(p) : M˜2d,Z(p) → S (Ld)Z(p) .

The main result of this section is:
Theorem 4.8. The map ιKS is e´tale.
We will need a few preliminaries before we can prove (4.8), the main input being (4.11)
below. The proof will appear right below that of loc. cit.
Lemma 4.9. Let k be a perfect field of characteristic p > 2, and let W = W (k). For s :
SpecW → M˜2d, the map
αdR,sQ : LdR,sQ(−1)
≃
−→ P 2dR,sQ
is an isomorphism of F -isocrystals.
Proof. This is shown in [Ogu84, § 7], but we can provide a different proof with the technology
of Section 1.
Let sQ be a geometric point above sQ valued in an algebraic closure WQ. Then we have
comparison isomorphisms:
Lp,sQ ⊗Bcris
≃
−→ LdR,s ⊗Bcris;
P 2p,sQ ⊗Bcris
≃
−→ P 2dR,s ⊗Bcris.
We also have a natural isomorphism of Gal(WQ/WQ)-representations:
αp,sQ : Lp,sQ(−1)
≃
−→ P 2p,sQ
arising from an isomorphism of motives LsQ(−1)
≃
−→ P 2sQ . It now follows from (4.6)(4) that
αdR,sQ is exactly the map obtained from αp,sQ via the crystalline comparison isomorphisms. In
particular, it is F -equivariant. 
Lemma 4.10. Suppose that s : SpecW → M˜2d is a lift of an ordinary point s0 : Spec k → M˜2d.
Then αdR,sQ carries LdR,s(−1) onto P
2
dR,s.
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Proof. First, by the Dieudonne´-Manin classification [Man62] (cf. also [Kat73, 2.1]), LdR,s(−1)
(resp. P 2dR,s) admits a canonical largest F -stable direct summand LdR,s,0(−1) (resp. P
2
dR,s,0)
to which F restricts to an isomorphism (this is the slope 0 part). In fact, this sub-F -crystal
must be of rank 1. It suffices to check this for P 2dR,s(−1), for which cf. [Ogu01, p. 327].
Let U•LdR,s(−1) be the three-step ascending filtration on LdR,s(−1) determined by
U0LdR,s(−1) = LdR,s,0(−1) ; U1LdR,s = L
⊥
dR,s,0(−1).
Analogously define an ascending filtration U•P
2
dR,s on P
2
dR,s. These are the canonical slope
filtrations and are in particular preserved by the F -equivariant map αdR,sQ after changing
scalars to WQ.
Let Cp be the completion of sQ and let OCp be its ring of integers. It can now be deduced
from [BK86, 9.6] that there are ascending Γ-stable filtrations U•Lp,sQ(−1) and U•P
2
p,sQ
that
satisfy the following conditions:
(1) The crystalline comparison isomorphisms (for both L and P 2) respect the U -filtrations
on either side (in fact, one can define the U -filtrations on the e´tale side to be the unique
ones that satisfy this property).
(2) The canonical Γ-equivariant isomorphism
ηp,sQ : Lp,sQ(−1)
≃
−→ P 2p,sQ
respects U -filtrations.
(3) For each n ∈ Z, we have Γ-equivariant isomorphisms compatible with the comparison
isomorphisms:
grUn Lp,sQ(−1)⊗ OCp
≃
−→ grUn LdR,s(−1)⊗ OCp(−n);(4.10.1)
grUn P
2
p,sQ
⊗ OCp
≃
−→ grUn P
2
dR,s ⊗ OCp(−n).(4.10.2)
Now, grU αdR,sQ has to be compatible with gr
U ηp,sQ under the isomorphisms in (4.10.1), and
ηp,sQ carries Lp,sQ(−1) onto P
2
p,sQ
. Therefore, since OCp is faithfully flat over W , we find that
grU αdR,sQ must carry gr
U LdR,s(−1) onto gr
U P 2dR,s.
By the strong divisibility of LdR,s(−1) (cf. [MP13b, 4.8]), we must have
U0LdR,s(−1) ∩ F
1LdR,s(−1) = 0.
Since U0LdR,s(−1) is an isotropic line (this can be seen, for example, from the fact that F (f) ◦
F (f) = p2(f ◦ f), for any f ∈ LdR,s(−1)), we obtain a splitting of U•LdR,s(−1):
LdR,s(−1) = F
2LdR,s(−1)⊕ (F
2LdR,s(−1)⊕ U0LdR,s(−1))
⊥ ⊕ U0LdR,s(−1).
We similarly define a splitting for U•P
2
dR,s, and the construction shows that these splittings are
compatible with αdR,sQ . Therefore, αdR,sQ must indeed carry LdR,s(−1) onto P
2
dR,s. 
The following result, which exhibits the integral crystalline nature of the Kuga-Satake con-
struction is the chief ingredient in the proof of (4.8); cf [Mau12, 6.8] for an essentially equivalent
statement, but with stronger hypotheses on d and p.
Proposition 4.11. The isometry
αdR,Q : LdR,Q(−1)
≃
−→ P 2dR|M2d,Q
extends to an isometry (necessarily unique)
αdR : LdR(−1)
≃
−→ P 2dR
of vector bundles over M˜2d with integrable connection. It carries F
1LdR(−1) onto F
2P 2dR.
20 KEERTHI MADAPUSI PERA
Proof. It is enough to extend αdR,Q as a map of vector bundles, since the other requirements
can be checked over Q.
Fix a prime p > 2 and an affine open U = SpecR ⊂ M˜2d,Zp such that the restrictions of LdR
and P 2dR to U are both trivial. We now follow the argument from [Mau12, 6.15]. First, represent
αdR,UQp by a matrix with values in RQ. We claim that the entries of this matrix lie in R. Indeed,
let a ∈ RQ be a matrix entry, and let m ∈ Z≥0 be minimal such that a
′ = pma ∈ R. By (4.10),
for any W (Fp)-valued point of U with ordinary reduction, the image of a in W (Fp)Q lies in
W . In particular, if m > 1, then the value of a′ at any such point would lie in pW (Fp). Since
ordinary points are dense in UFp , this implies that a
′ must lie in pR, which is a contradiction.
Indeed, otherwise, the image of a′ in RFp would be a non-zero global function on UFp that
vanishes at a dense set of points.
An analogous argument shows that the matrix entries of α−1dR,UQp
also lie in R, thus proving
that αdR,UQ extends to an isometry αdR,U : LdR,U (−1)
≃
−→ P 2dR,U .
From this, the proposition follows. 
4.12. For any smooth point s ∈ M˜2d,Fp(Fp), let R be the completion of the local ring at s.
Set W = W (Fp), and choose a lift j : R → W . Equip R with an endomorphism ϕ lifting the
p-power Frobenius on RFp such that σ ◦ j = j ◦ ϕ. The restrictions of LdR(−1) and P
2
dR to
SpecR give rise to F -crystals over R in the terminology of [Kat73, 1.3]. We will denote these
F -crystals by LdR,R(−1) and P
2
dR,R, respectively. The reductions of LdR,R(−1) to P
2
dR,R along
j will be denoted LdR,W (−1) and P
2
dR,W , respectively.
Lemma 4.13. αdR,SpecR is an isomorphism of filtered F -crystals over R.
Proof. Let RanQ be the ring of functions on the rigid analytic space over WQ attached to Spf R.
Then, by [Kat73, 3.1], there exist unique F -equivariant, horizontal isomorphisms that reduce
to the identity along j∗:
LdR,W (−1)⊗W R
an
Q
≃
−→ LdR,Ran
Q
(−1);
P 2dR,W ⊗W R
an
Q
≃
−→ P 2dR,Ran
Q
.
Here, we equip the left hand sides with the constant connection 1 ⊗ d and the constant F -
structures induced from the ones on LdR,W (−1) and P
2
dR,W .
Since αdR,RQ is horizontal for the connection, it now suffices to check that the induced
isomorphism
αdR,WQ : LdR,WQ(−1)
≃
−→ P 2dR,WQ
is a map of F -isocrystals over WQ, and this follows from (4.9). 
Let T → M˜2d,Fp be an e´tale map with T a scheme. Then one can also consider the crystalline
realization P 2cris,T of the primitive cohomology of the universal family X T → T : This will be a
crystal of vector bundles over (T/Zp)cris. At the same time, one also has the crystal Lcris,T (−1)
over (T/Zp)cris. In fact, both these crystals have the additional structure of an F -crystal. That
is, if FrT : T → T is the absolute Frobenius on T , then we have natural maps Fr
∗
T P
2
cris → P
2
cris
and Fr∗T Lcris(−1)→ Lcris(−1).
Corollary 4.14. αdR induces a canonical isomorphism of F -crystals
Lcris,T (−1)
≃
−→ P 2cris,T .
Proof. If T is smooth (this is always the case unless νp(d) = 1), then this follows from (4.11)
and (4.13). Indeed, working locally if necessary, we can assume that T lifts to a smooth map
T˜ → M˜2d,Zp. Now, one can use the classical equivalence of categories between crystals on T
and vector bundles over T˜ with integrable connections.
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Suppose now that νp(d) = 1 and that T is not smooth. Then, according to (2.9), T has
at worst isolated singular points with quadratic singularities. Let T sm ⊂ T be the smooth
locus. The result now follows from the fact that restriction of crystals of vector bundles from
(T/Zp)cris to (T
sm/Zp)cris is a fully faithful operation. 
Proof of (4.8). It is enough to show that, for every prime p > 2, and every closed point s ∈
M˜2d(Fp), the induced map of complete local Zp-algebras
ÔS (Ld),ιKS(s) → ÔM˜2d,s
is an isomorphism. For simplicity denote this map by R→ R′.
Both R and R′ are complete local Noetherian domains of the same dimension, namely 19,
so it is enough to show that the induced map of tangent spaces tR → tR′ is an isomorphism.
But, by (4.11), both tR and tR′ can be canonically identified with the space{
Isotropic lines L ⊂ P 2dR,s ⊗ Fp[ǫ] lifting F
2P 2dR,s
}
.
Under these identifications, the map on tangent spaces is simply the identity. This can be
checked, for example, by lifting to characteristic 0. 
Fix a prime p > 2. Given any neat compact open K ⊂ KLd with Kp = KLd,p, M2d,K,Z(p)
admits a (non-canonical) section to M˜2d,Z(p).
Corollary 4.15. The induced map ιKSK : M
◦
2d,K,Z(p)
→ SK(Ld)(p) is an open immersion.
Proof. Clearly, ιKSK is e´tale. Therefore, by [LMB00, 16.5], there exists a finite SK(Ld)(p)-scheme
Z and a factoring as below, where the top arrow is a dense open immersion.
M
◦
2d,K,Z(p)
⊂ > Z
SK(Ld)(p).
∨
ιKS
>
Since SK(Ld)(p) is a normal scheme, it is sufficient to show that ι
KS
K,Q restricted to M
◦
2d,K,Q is an
open immersion. Indeed, it would then follow that Z → SK(Ld)(p) is in fact an isomorphism
onto a union of connected components of SK(Ld)(p). So the restriction of ι
KS
K to M
◦
2d,K,Z(p)
must be an open immersion.
To finish, it suffices to show that ιKSK,C is an open immersion. This is essentially the global
Torelli theorem for K3 surfaces, for which there are many proofs in the literature; cf. [PSˇSˇ71,
BR75, LP80, Fri84]. For a good summary and yet another proof, cf. [Huy12]. Our ade´lic
formulation can be found in [Riz, Prop. 2.10]. 
Corollary 4.16. For every p > 2, M◦2d,Fp is a quasi-projective Deligne-Mumford stack over Fp.
Moreover, the Hodge bundle ω = F 2H2dR,Fp is ample over M
◦
2d,Fp
. If νp(d) ≤ 1, then M
◦
2d,Fp
is
geometrically irreducible.
Proof. The quasi-projectivity is immediate from (4.8) and the quasi-projectivity of S (Ld)Fp .
To show ampleness of ω it suffices by (4.11) to show the ampleness of F 1LdR,Fp . This follows
from [MP13b, 4.18].
Suppose now that νp(d) ≤ 1. Then Ld is maximal at p, and the result follows from [MP13b,
8.3], (4.15), and the fact that M◦2d,C is irreducible (as can be seen from global Torelli and the
complex analytic uniformization). 
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Theorem 4.17. Given any field k of odd characteristic p and a polarized K3 surface (X, ξ)
over k of degree 2d, there exists a finite separable extension k′/k and an abelian variety A over
k′, the Kuga-Satake abelian variety, equipped with an action of the Clifford algebra C(Ld),
which enjoys the following additional properties:
(1) Fix a separable closure ksep of k′. For every prime ℓ 6= p, there exists an isomorphism
of Zℓ-modules
H1e´t
(
Aksep ,Zℓ
) ≃
−→ C
(
PH2e´t(Xksep ,Zℓ(1))
)
.
Here, the right hand side denotes the Clifford algebra attached to the quadratic lattice
PH2e´t
(
Xksep ,Zℓ(1)
)
. Moreover, let kp be a perfect closure of k′; then there exists an
isomorphism of W (kp)-modules
H1cris
(
Akp/W (k
p)
) ≃
−→ C
(
PH2cris(Xkp/W (k
p))(1)
)
.
(2) For all primes ℓ 6= p, the algebra
C(Ld)⊗ Zℓ ⊂ End
(
H1e´t
(
Aksep ,Zℓ
))
is Galois-equivariantly identified with C
(
PH2e´t(Xksep ,Zℓ(1))
)
acting on itself by right
translation via the isomorphism in (1). Similarly, C(Ld) ⊗W (k
p) is F -equivariantly
identified with C
(
PH2cris(Xkp/W (k
p))(1)
)
(3) The action of C
(
PH2e´t(Xksep ,Zℓ(1))
)
on itself by left translations induces, via (1), a
Galois-equivariant embedding
PH2e´t
(
Xksep ,Zℓ(1)
)
⊂ EndC(Ld)
(
H1e´t
(
Aksep ,Zℓ
))
.
Similarly, there is an F -equivariant embedding
PH2cris
(
Xkp/W (k
p)
)
(1) ⊂ EndC(Ld)
(
H1cris(Akp/W (k
p))
)
.
(4) Let L(A) ⊂ End(A) be the sub-space of endomorphisms whose cohomological realiza-
tions lie in the image of PH2e´t
(
Xksep ,Zℓ(1)
)
for all ℓ 6= p, as well as in the image of
PH2cris
(
Xkp/W (k
p)
)
(1). Then there is a natural identification
Pic(Xk′ ) ⊃ 〈ξ〉
⊥ ≃−→ L(A)
compatible with all cohomological realizations.
Proof. After replacing k by a finite separable extension if necessary we can assume that (X, ξ)
arises from a point s ∈ M˜2d(k) that lifts to a k-valued point of S˜ (Ld). To this lift, we can
attach the Kuga-Satake abelian variety AKSs with properties (1), (2) and (3). The integral
crystalline compatibility here follows from (4.14).
It still remains to show (4). For this we observe that, given a special endomorphism f ∈
L(AKSs ) = L(s), the deformation space of the triple (X, ξ, f) admits a flat component. Indeed,
by (4.8), we can identify the complete local ring of M˜2d at s with that of S (Ld), and so the
claim follows from [MP13b, 8.15].
We see therefore that there exists a lift (X˜, ξ˜, f˜) over a characteristic 0 field F attached to
a point s˜ ∈ M˜2d(F ) lifting s. Here we have:
Pic
(
X˜
)
⊃ 〈ξ˜〉⊥
Lefschetz (1,1)
−−−−−−−−−→
≃
AH
(
P 2s
)
= AH(Ls) ∩ End(A
KS
s˜ ) = L
(
AKSs˜
)
.
See (1.4) and (3.4) for the notation. In particular, there is a unique element of 〈ξ˜〉⊥ mapping
to f˜ under this isomorphism. Reducing back over k shows that there is a unique element of
〈ξ〉⊥ ⊂ Pic(X) that has the same cohomological realizations as f .
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Repeating this step for all f ∈ L(AKSs ) shows that we have an inclusion L(A
KS
s ) →֒ 〈ξ〉
⊥
compatible with cohomological realizations.
Similarly, given a class η ∈ 〈ξ〉⊥ ⊂ Pic(X), the deformation space of (X, ξ, η) again admits
a flat component. Repeating the same argument as above gives us an inclusion going the other
way, and so finishes the proof. 
Remark 4.18. In the literature (cf. for example [Del72], [And96]), one usually finds the even
Clifford algebra in place of the full Clifford algebra that we have chosen to use. As in [Cha12,
3.3], we do this to ensure that the statement in (3) above is not too unwieldy.
Remark 4.19. In fact, one can show more. For every map T → M2d, we have a canonical
identification:
L(T ) = 〈ξ〉⊥T ⊂ Pic(X T /T ).
Here, L(T ) is the space of special endomorphisms over T viewed as a a scheme over Sd
Indeed, the functors T 7→ L(T ) and T 7→ 〈ξ〉⊥T are both representable, unramified, and
locally of finite type over M2d. Moreover, it is easy to deduce from the above argument that,
for any field k, there is a canonical bijection between their k-valued points. In addition, one sees
using deformation theory that, given a k-valued point of either stack, the complete local ring
at that point is canonically isomorphic to the complete local ring at the associated k-valued
point of the other stack. Using this and Artin approximation, one can glue together a canonical
isomorphism from one stack to the other.
Remark 4.20. Notice that we did not need the full force of the e´taleness of ιKS in the proof
above. All we needed was for the intersection of the deformation space of a polarized K3
surface with the deformation space of a special endomorphism to admit a flat component. This
weaker condition might still be checkable in situations where the Kuga-Satake period map is
not expected to be e´tale, such as in the context of the Catanese-Ciliberto surfaces considered
in [Lyo12].
4.21. In [Riz10, 4.2], Rizov shows that, when p ∤ d, the Kuga-Satake construction is compatible
with the theory of canonical lifts for ordinary varieties. This continues to hold in our more
general situation. Suppose that (X0, ξ0) is a polarized K3 surface over a perfect field k of
characteristic p, and suppose that X0 is ordinary. Let (X, ξ) be the canonical lift (cf. loc. cit.)
of (X0, ξ0) over W (k). After replacing k by a finite extension, if necessary, we can assume that
there is a Kuga-Satake abelian variety A0 over k attached to (X0, ξ0), as in Theorem 3. There
is also an algebraizable deformation A of A0 over W (k) attached to the canonical lift (X, ξ).
Proposition 4.22. A0 is ordinary and A is its canonical lift.
Proof. The proof of [Riz10, 4.2.2] goes through verbatim. We recall it here briefly for the
convenience of the reader. That A0 is ordinary was already observed in the course of the proof
of (4.10). Via Serre-Tate co-ordinates, the deformation space of A0 is naturally identified with
a formal torus T over W (k). Nygaard has shown in [Nyg83, 2.7] that in this situation A has to
be isogenous to the canonical lift, implying that it corresponds to a torsion point of T. However,
the only torsion point of T defined overW (k) is the identity, which corresponds to the canonical
lift of A0. 
5. The Tate conjecture
Let L be a quadratic lattice as in Section 3 satisfying the conditions of (3.5), and let S , S˜
be the attached integral models over Z[2−1] of Sh(L) and S˜h(L), respectively. Fix a prime
p > 2.
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5.1. Suppose that we have s ∈ S˜ (Fp), and suppose that s in fact arises from a point s0
defined over the finite field Fpr . Then, for each ℓ 6= p and each m such that r|m, the p
m-power
Frobenius Frm acts on Hℓ,s and on Lℓ,s. We will write Vℓ,s for the Qℓ-vector space Lℓ,s ⊗Qℓ.
For any m ∈ Z≥1, set Zpr = W (Fpm), and let Qpm be its fraction field. We have the
crystalline realization Lcris,s: this is a Zpr -module of endomorphisms of the Zpr -moduleHcris,s.
Set Vcris,s = Lcris,s
[
1
p
]
. For each t such that r | t, let(
Qpm ⊗Qpr Vcris,s
)Fs=1
⊂ Qpm ⊗Qpr Vcris,s
denote the Qp-subspace of Fs-equivariant endomorphisms. For any prime ℓ, set
rℓ =

dimQℓ(lim−→r|m V
Frm=1
ℓ,s ), if ℓ 6= p;
dimQp(lim−→r|m
(Qpm ⊗Qpr Vcris,s)
Fs=1), if ℓ = p.
From now on, we will maintain:
Assumption 5.2 (ℓ-independence). rℓ is independent of ℓ.
Remark 5.3. This assumption should always hold by results of Kisin [Kis]. Also, by [KM74], it
will hold if one can realize
{
{Vℓ,s}ℓ 6=p,Vcris,s
}
as the family of cohomological realizations of a
motive over Fpr .
Theorem 5.4.
(1) If ℓ 6= p, the natural map
L(AKSs )⊗Qℓ → lim−→
r|m
V Frm=1ℓ,s
is an isometry of Qℓ-quadratic spaces.
(2) The natural map
L(AKSs )⊗Qp → lim−→
r|m
(Qpm ⊗ QprVcris,s)
Fs=1
is an isometry of Qp-quadratic spaces.
Remark 5.5. Given our standing assumption (5.2), each of the assertions of the theorem is
equivalent to the following statement: rkL(AKSs ) = r, where r = rℓ, for one (hence any) prime
ℓ.
The proof of this theorem will be given below following (5.9). As noted in the introduc-
tion, the flexibility of working with arbitrary orthogonal Shimura varieties is important to our
method. It enables us to make the following crucial reduction:
Lemma 5.6. We can assume that L is self-dual at p and that L(AKSs ) 6= 0.
Proof. Choose any non-zero positive definite quadratic space Λ over Z such that V ′ = V ⊕ ΛQ
admits a lattice L′ that is self-dual at p. It is always possible to find such a Λ; cf. [MP13b, 6.1].
Attached to this is a map of (smooth) integral canonical models S˜ → S˜ (L′). Let s˜ be the
image of s in S˜ (L′). Set
r˜ℓ =

dimQℓ(lim−→r|m V˜
Frm=1
ℓ,s˜ ), if ℓ 6= p;
dimQp(lim−→r|m
(Qpm ⊗Qpr V˜cris,s)
Fs=1, if ℓ = p.
Then, by (3.9), we have, for all ℓ, r˜ℓ = rℓ + rkΛ. Therefore, the assumption (5.2) holds for
s ∈ S˜ (Fp) if and only if it holds for s˜ ∈ S˜ (L
′)(Fp).
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Moreover, by loc. cit., we have
L(AKSs ) = Λ
⊥ ⊂ L(A˜KSs˜ ).
So we find that (5.4) holds for s˜ if and only if it holds for s. 
5.7. Following this lemma, we can and will maintain the assumptions that L is self-dual at p
and that L(AKSs ) 6= 0.
For ℓ 6= p and all m ∈ Z>0 such that r | m, let Iℓ,m ⊂ Gℓ := GSpin(Vℓ,s) be the commutant
of Frm. Since Frm is a semi-simple element, Iℓ,m is a reductive sub-group of GSpin(Vℓ,s). In
fact, for m large enough Iℓ,m does not depend on m. From now on, we will fix m such that
Iℓ,m = Iℓ,m′ , for all m
′ ≥ m with r|m′. Note that, for such m and m′, we have
V
Frm′=1
ℓ,s = V
Frm=1
ℓ,s .
We will write Iℓ for the group Iℓ,m.
Lemma 5.8. For every ℓ 6= p, V Frm=1ℓ,s is an absolutely irreducible representation of Iℓ.
Proof. Let q = pm. Fix ℓ 6= p, and let 1, α±11 , . . . , α
±1
r ∈ Qℓ be the distinct eigenvalues of Frm
acting on Vℓ,s. Since Frm is semi-simple, for ℓ 6= p, the image of Iℓ ⊗ Qℓ in SO
(
Vℓ,s,Qℓ
)
is the
product
SO
(
V Frm=1
ℓ,s,Qℓ
)
×
r∏
i=1
GL
(
V Frm=αi
ℓ,s,Qℓ
)
.
From this description, the lemma is immediate. 
5.9. Let Aut◦(AKSs ) be the group scheme of units in the ring End(A
KS
s )⊗Q: this is an algebraic
group over Q. For ℓ 6= p, there is a natural embedding of algebraic Qℓ-groups
iℓ : Aut
◦(AKSs )⊗Q Qℓ →֒ GL(Hℓ,s ⊗Qℓ)
defined by the functoriality of ℓ-adic homology.
Similarly, if Qnrp is the fraction field of W (Fp), we have a natural embedding of algebraic
Qnrp -groups
ip : Aut
◦(AKSs )⊗Q Q
nr
p →֒ GL(Hcris,s,Qnrp ).
Let I ⊂ Aut◦(AKSs ) be the largest closed sub-group that maps into Gℓ under iℓ for each
ℓ 6= p, and into GSpin(Vcris,s) under ip.
We will need the following proposition:
Proposition 5.10 (Kisin). Suppose that ℓ 6= p is a prime such that Gℓ is split and such that
all the roots of the characteristic polynomial of Frm are contained in Qℓ.
6 Then the natural
map IQℓ → Iℓ is an isomorphism.
Proof. This is proven in [Kis] via a group-theoretic reinterpretation of Tate’s original argument
for the main theorem of [Tat66].
We only give a sketch here. I is easily seen to be reductive, since it preserves a polarization
on AKSs . So it suffices to show that IQℓ contains a Borel sub-group of Iℓ. For this, using the
splitness of Iℓ (which holds by our hypothesis that Gℓ is split), and a little further argument, it
is enough to prove that the ℓ-adic manifold I(Qℓ)\Iℓ(Qℓ) is compact. Choose a neat compact
open K ⊂ KL with Kp = KL,p = SO(L)(Zp). We can assume that s is an Fpm -valued point of
the finite e´tale cover S˜K(L)(p) of S˜ (L)Z(p) .
Set Uℓ = Kℓ ∩ Iℓ(Qℓ); clearly, it suffices to show that the double coset space
I(Qℓ)\Iℓ(Qℓ)/Uℓ
6Such a prime always exists; in fact, the set of such primes has positive density.
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is finite.
For this, we observe that the natural action of Iℓ(Qℓ) on the set of Frm-stable Zℓ-lattices
within Hℓ,s ⊗ Qℓ, along with the correspondence between these lattices and abelian varieties
over Fpm isogenous to A
KS
s , provides us with a map
I(Q)\Iℓ(Qℓ)/Uℓ → S˜K(L)(p)(Fpm).
Using essential information from the construction of his integral canonical models, Kisin is able
to show that this map is actually injective. This shows that the left hand side is finite and
completes our proof. 
Proof of (5.4). For ℓ 6= p, the map
L(AKSs )⊗Qℓ → V
Frm=1
ℓ,s
is a map of I ⊗ Qℓ-representations, and so, by (5.10), for a particular choice of ℓ, it is in fact
a map of Iℓ-representations. But now, by (5.8), V
Frm=1
ℓ,s is an irreducible representation of Iℓ.
Since L(AKSs ) 6= 0, this implies that the map must be an isomorphism for this choice of ℓ. By
(5.5), this finishes the proof of the theorem. 
The following corollary is inspired from [Fal84, §3].
Corollary 5.11. Suppose that the ℓ-independence assumption (5.2) holds at every point in
S˜ (Fp). Let s→ S˜ be a point defined over a finitely generated extension of Fp, and let s→ S˜
be a geometric point above s. Then, for each prime ℓ 6= p, the natural map
L(AKSs )⊗Qℓ → V
Aut(k(s)/k(s))
ℓ,s
is an isometry of Qℓ-quadratic spaces.
Proof. We can assume that k(s) = k(X) is the function field of a smooth, geometrically con-
nected variety X over Fq equipped with an Fq-valued rational point x0. We can also arrange
things so that s arises from a map s˜ : X → S˜ , and thus specializes to an Fq-valued point
s0 = s˜ ◦ x0. By shrinking X if necessary, we can further assume that
End
(
AKSs˜
)
= End
(
AKSs
)
.
By the definition of specialness, we have:
L(AKSs ) = End
(
AKSs˜
)
∩ L(AKSs0 ) ⊂ End
(
AKSs0
)
.(5.11.1)
Therefore from (5.4), we find, for a geometric point s0 lying above s0:
L(AKSs )⊗Qℓ =
(
End
(
AKSs˜
)
⊗Qℓ
)
∩ Vℓ,s0 ⊂ End
(
Hℓ,s0
)
⊗Qℓ.(5.11.2)
By [Zar76], we have, for any ℓ 6= p:
End
(
AKSs
)
⊗Qℓ
≃
−→ EndAut(k(s)/k(s))
(
Hℓ,s
)
⊗Qℓ.(5.11.3)
Combining this with (5.11.2) gives us the result. 
5.12. We can now easily prove the Tate conjecture for K3 surfaces:
Proof of Theorem 1. After replacing k by a finite separable extension, we can assume that X
admits a polarization ξ of degree 2d, and that (X, ξ) corresponds to a point s ∈ M2d(k). After
a further finite separable extension of k, if necessary, we can assume that it lifts to a point in
S˜ (Ld)(k).
If k is finite, the theorem is immediate from (4.17) and (5.4). The required ℓ-independence
hypothesis (5.2) is valid in our case because of the obviously motivic origin of Vℓ,s = P
2
ℓ,s(1);
cf. (5.3).
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For infinite k, the result follows easily from the proof of (5.11), once we observe that the
argument there only needs a smooth open neighborhood U ⊂ S˜ (Ld) of s such that the ℓ-
independence hypothesis holds at some closed point of U . 
5.13. We quickly sketch how the above ideas apply to cubic fourfolds. Let M0 be the even
rank 2 Z-lattice equipped with the bi-linear form represented by the matrix
(
2 1
1 2
)
. Let M
be the quadratic Z-lattice:
M = E⊕28 ⊕ U
⊕2 ⊕M0.
This is a signature (20, 2) lattice that is maximal and is self-dual over Z[6−1].
Let CF be the moduli stack of cubic fourfolds over Z[2−1]. Over C, we have a Kuga-Satake
map C˜FC → Sh(M)C constructed using primitive degree-4 cohomology, where, once again, C˜F
is a two-fold cover of CF trivializing the determinant of primitive cohomology. Using the fact
that this map is given via an absolutely Hodge correspondence [And96, § 6]7, just as in (4.4),
we can descend the Kuga-Satake map over Q: C˜FQ → Sh(M).
Let (+1) (resp. (−1)) be the self-dual odd positive (resp. negative) Z-lattice of rank 1, and
set
M ′ = (+1)⊕21 ⊕ (−1)⊕2.
This is a self-dual lattice of signature (21, 2). It is shown in [Has00, 2.1.2] that there exists
m ∈ M ′ with m · m = 3 such that M is isometric to 〈m〉⊥ ⊂ M ′. Then, for any p > 2, just
as we did for K3 surfaces in 2, we can define a notion of Kp-level structure for cubic fourfolds
over Z(p) using the lattice M
′ and the distinguished element m ∈ M ′. This gives us a finite
e´tale cover C˜FK,Z(p) → C˜FZ(p) . Since C˜FK,Z(p) is smooth over Z(p), we can again use the theory
of integral canonical models to find a natural extension of the Kuga-Satake map over Z[2−1]:
C˜F→ S (M). We now have:
Theorem 5.14.
(1) The period map C˜F → S (M) is e´tale. For any p > 2 and Kp small enough, the map
C˜FK,Z(p) → SK(M)(p) is an open immersion.
(2) Given any cubic fourfold X over a field k of odd characteristic, there exists a finite sepa-
rable extension k′/k and an abelian variety A over k′ such that the numbered assertions
of (4.17) hold with PH2 replaced by PH4 and Pic(Xk′) replaced by CH
2(Xk′ ).
(3) The Tate conjecture for cubic fourfolds holds in co-dimension 2 over fields of odd char-
acteristic. That is, given a cubic fourfold X over a finitely generated field k of odd
characteristic with absolute Galois group Γ = Gal(ksep/k), the ℓ-adic cycle class map
CH2(X)⊗Qℓ → H
4
e´t
(
Xksep ,Qℓ(2)
)Γ
is an isomorphism for all ℓ 6= p.
(4) CFFp is geometrically irreducible for every p > 2.
Sketch of proof. If we look back at the strategy used for K3 surfaces, we see that the main step
is to show that the period map
C˜F → S (M)
is e´tale. Indeed, once we know this, the Torelli theorem for cubic fourfolds [Voi86] will imply
that the induced map C˜FK,Z(p) → SK(M)(p) is an open immersion for K
p small enough. The
7This is proven in loc. cit. via a monodromy argument, but one should also be able to prove it via Deligne’s
Principle B and working with amenable points in the moduli space, much as we did with Kummer points in
(4.3).
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remaining statements are proven just as for K3 surfaces. We only note that, for the Tate
conjecture, we have to appeal to the Hodge conjecture for co-dimension 2 cycles on cubic
fourfolds over C, which is known; cf. [And96, Appendix 2] or [Zuc77]. This plays the same role
for cubic fourfolds as Lefschetz (1,1) did for K3 surfaces.
To prove e´taleness, we note that C˜F is smooth and that the tangent space at any point
s : Spec k → C˜F attached to a cubic fourfold X/k is given by:
DefX
(
k[ǫ]
)
=
{
Isotropic lines L ⊂ P 4dR(X/k)⊗ k[ǫ] lifting F
4H4dR(X/k)
}
.
This is shown in [Lev01, § 3]. So, just as in the proof of (4.8), it is enough to prove the integral
crystalline compatibility of the Kuga-Satake construction. We do this using the same strategy:
prove it directly for ordinary cubic fourfolds as in (4.10) and then propagate it everywhere using
the density of ordinary points as in (4.11). 
References
[And96] Yves Andre´, On the Shafarevich and Tate conjectures for hyper-Ka¨hler varieties, Math. Ann. 305
(1996), no. 2, 205–248, DOI 10.1007/BF01444219. MR1391213 (97a:14010) ↑1, 4, 23, 27, 28
[ASD73] M. Artin and H. P. F. Swinnerton-Dyer, The Shafarevich-Tate conjecture for pencils of elliptic
curves on K3 surfaces, Invent. Math. 20 (1973), 249–266. MR0417182 (54 #5240) ↑1
[BHPVdV04] Wolf P. Barth, Klaus Hulek, Chris A. M. Peters, and Antonius Van de Ven, Compact complex
surfaces, 2nd ed., Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern
Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Mod-
ern Surveys in Mathematics], vol. 4, Springer-Verlag, Berlin, 2004. MR2030225 (2004m:14070)
↑
[BO78] Pierre Berthelot and Arthur Ogus, Notes on crystalline cohomology, Princeton University Press,
Princeton, N.J., 1978. MR0491705 (58 #10908) ↑10
[Bla94] Don Blasius, A p-adic property of Hodge classes on abelian varieties, Motives (Seattle, WA,
1991), Proc. Sympos. Pure Math., vol. 55, Amer. Math. Soc., Providence, RI, 1994, pp. 293–308.
MR1265557 (95j:14022) ↑7, 17
[BK86] Spencer Bloch and Kazuya Kato, p-adic e´tale cohomology, Inst. Hautes E´tudes Sci. Publ. Math.
63 (1986), 107–152. MR849653 (87k:14018) ↑19
[BM02] Christophe Breuil and William Messing, Torsion e´tale and crystalline cohomologies, Aste´risque
279 (2002), 81–124. Cohomologies p-adiques et applications arithme´tiques, II. MR1922829
(2004k:14027) ↑
[BR75] Dan Burns Jr. and Michael Rapoport, On the Torelli problem for ka¨hlerian K − 3 surfaces, Ann.
Sci. E´cole Norm. Sup. (4) 8 (1975), no. 2, 235–273. MR0447635 (56 #5945) ↑21
[Cha12] Francois Charles, The Tate conjecture for K3 surfaces over finite fields (2012), 20 pp., available
at http://perso.univ-rennes1.fr/francois.charles/Tate_K3.pdf. ↑1, 4, 23
[Del70] Pierre Deligne, E´quations diffe´rentielles a` points singuliers re´guliers, Lecture Notes in Mathe-
matics, Vol. 163, Springer-Verlag, Berlin, 1970 (French). MR0417174 (54 #5232) ↑17
[Del71] Pierre Deligne, Travaux de Shimura, Se´minaire Bourbaki, 23e`me anne´e (1970/71), Exp. No. 389,
Springer, Berlin, 1971, pp. 123–165. Lecture Notes in Math., Vol. 244 (French). MR0498581 (58
#16675) ↑
[Del72] Pierre Deligne, La conjecture de Weil pour les surfaces K3, Invent. Math. 15 (1972), 206–226
(French). MR0296076 (45 #5137) ↑2, 17, 23
[SGA7II] Groupes de monodromie en ge´ome´trie alge´brique. II, Lecture Notes in Mathematics, Vol. 340,
Springer-Verlag, Berlin, 1973 (French). Se´minaire de Ge´ome´trie Alge´brique du Bois-Marie 1967–
1969 (SGA 7 II); Dirige´ par P. Deligne et N. Katz. MR0354657 (50 #7135) ↑
[Del81] P. Deligne, Rele`vement des surfaces K3 en caracte´ristique nulle, Algebraic surfaces (Orsay, 1976),
Lecture Notes in Math., vol. 868, Springer, Berlin, 1981, pp. 58–79 (French). Prepared for publi-
cation by Luc Illusie. MR638598 (83j:14034) ↑10
[DMOS82] Pierre Deligne, James S. Milne, Arthur Ogus, and Kuang-yen Shih, Hodge cycles, motives,
and Shimura varieties, Lecture Notes in Mathematics, vol. 900, Springer-Verlag, Berlin, 1982.
MR654325 (84m:14046) ↑5, 7, 16
[DM69] P. Deligne and D. Mumford, The irreducibility of the space of curves of given genus, Inst. Hautes
E´tudes Sci. Publ. Math. 36 (1969), 75–109. MR0262240 (41 #6850) ↑
THE TATE CONJECTURE FOR K3 SURFACES 29
[Fal84] Gerd Faltings, Complements to Mordell, Rational points (Bonn, 1983/1984), Aspects Math., E6,
Vieweg, Braunschweig, 1984, pp. 203–227. MR766574 ↑26
[Fal89] Gerd Faltings, Crystalline cohomology and p-adic Galois-representations, Algebraic analysis, ge-
ometry, and number theory (Baltimore, MD, 1988), Johns Hopkins Univ. Press, Baltimore, MD,
1989, pp. 25–80. MR1463696 (98k:14025) ↑
[FL82] Jean-Marc Fontaine and Guy Laffaille, Construction de repre´sentations p-adiques, Ann. Sci. E´cole
Norm. Sup. (4) 15 (1982), no. 4, 547–608 (1983) (French). MR707328 (85c:14028) ↑
[FM87] Jean-Marc Fontaine and William Messing, p-adic periods and p-adic e´tale cohomology, Current
trends in arithmetical algebraic geometry (Arcata, Calif., 1985), Contemp. Math., vol. 67, Amer.
Math. Soc., Providence, RI, 1987, pp. 179–207, DOI 10.1090/conm/067/902593, (to appear in
print). MR902593 (89g:14009) ↑
[Fri84] Robert Friedman, A new proof of the global Torelli theorem for K3 surfaces, Ann. of Math. (2)
120 (1984), no. 2, 237–269, DOI 10.2307/2006942. MR763907 (86k:14028) ↑21
[SGA2] Alexander Grothendieck, Cohomologie locale des faisceaux cohe´rents et the´ore`mes de Lefschetz
locaux et globaux (SGA 2), Documents Mathe´matiques (Paris) [Mathematical Documents (Paris)],
4, Socie´te´ Mathe´matique de France, Paris, 2005 (French). Se´minaire de Ge´ome´trie Alge´brique
du Bois Marie, 1962; Augmente´ d’un expose´ de Miche`le Raynaud. [With an expose´ by Miche`le
Raynaud]; With a preface and edited by Yves Laszlo; Revised reprint of the 1968 French original.
MR2171939 (2006f:14004) ↑
[Huy12] Daniel Huybrechts, Lectures on K3 surfaces, 2012. ↑21
[Jan92] Uwe Jannsen, Motives, numerical equivalence, and semi-simplicity, Invent. Math. 107 (1992),
no. 3, 447–452, DOI 10.1007/BF01231898. MR1150598 (93g:14009) ↑
[Has00] Brendan Hassett, Special cubic fourfolds, Compositio Math. 120 (2000), no. 1, 1–23, DOI
10.1023/A:1001706324425. MR1738215 (2001g:14066) ↑27
[Kat73] Nicholas Katz, Travaux de Dwork, Se´minaire Bourbaki, 24e`me anne´e (1971/1972), Exp. No. 409,
Springer, Berlin, 1973, pp. 167–200. Lecture Notes in Math., Vol. 317 (French, with English
summary). MR0498577 (58 #16672) ↑19, 20
[KM74] Nicholas M. Katz and William Messing, Some consequences of the Riemann hypothesis for vari-
eties over finite fields, Invent. Math. 23 (1974), 73–77. MR0332791 (48 #11117) ↑24
[Kis10] Mark Kisin, Integral models for Shimura varieties of abelian type, J. Amer. Math. Soc. 23 (2010),
no. 4, 967–1012, DOI 10.1090/S0894-0347-10-00667-3. MR2669706 (2011j:11109) ↑2
[Kis] Mark Kisin, Mod p points on some Shimura varieties. In Preparation. ↑3, 24, 25
[Kul77] Vik. S. Kulikov, Degenerations of K3 surfaces and Enriques surfaces, Izv. Akad. Nauk SSSR Ser.
Mat. 41 (1977), no. 5, 1008–1042, 1199 (Russian). MR0506296 (58 #22087b) ↑4
[Laf80] Guy Laffaille, Groupes p-divisibles et modules filtre´s: le cas peu ramifie´, Bull. Soc. Math. France
108 (1980), no. 2, 187–206 (French, with English summary). MR606088 (82i:14028) ↑10
[LMB00] Ge´rard Laumon and Laurent Moret-Bailly, Champs alge´briques, Ergebnisse der Mathematik und
ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics
and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics], vol. 39, Springer-
Verlag, Berlin, 2000 (French). MR1771927 (2001f:14006) ↑21
[Lev01] Norman Levin, The Tate conjecture for cubic fourfolds over a finite field, Compositio Math. 127
(2001), no. 1, 1–21, DOI 10.1023/A:1017532821467. MR1832984 (2002c:14039) ↑4, 28
[LMS12] Max Lieblich, Davesh Maulik, and Andrew Snowden, Finiteness of K3 surfaces and the Tate
conjecture (2012), 20 pp., available at http://arxiv.org/pdf/1107.1221v4.pdf . ↑1
[LO12] Max Lieblich and Martin Olsson, Fourier-Mukai partners of K3 surfaces in positive characteristic
(2012), 34 pp., available at http://www.marxiv.org/?query=id:1112.5114v2 . ↑9
[LP80] Eduard Looijenga and Chris Peters, Torelli theorems for Ka¨hler K3 surfaces, Compositio Math.
42 (1980/81), no. 2, 145–186. MR596874 (82a:32035) ↑21
[Lyo12] Chris Lyons, Large monodromy for a family of surfaces of general type and some arithmetic ap-
plications (2012), 22 pp., available at http://www-personal.umich.edu/~lyonsc/CC_arith.pdf.
↑4, 23
[Man62] Ju. I. Manin, On the classification of formal Abelian groups, Dokl. Akad. Nauk SSSR 144 (1962),
490–492 (Russian). MR0162802 (29 #106) ↑19
[MP13a] Keerthi Madapusi Pera, Toroidal compactifications of integral mod-
els of Shimura varieties of Hodge type (2013), 71 pp., available at
http://www.math.harvard.edu/~keerthi/papers/toroidal.pdf . Preprint. ↑4
[MP13b] Keerthi Madapusi Pera, Integral canonical models for Spin Shimura varieties (2013), 45 pp.,
available at http://www.math.harvard.edu/~keerthi/papers/reg.pdf. Preprint. ↑2, 10, 11, 12,
13, 14, 15, 19, 21, 22, 24
30 KEERTHI MADAPUSI PERA
[Mat] Yuya Matsumoto, On good reduction of some K3 surfaces related to abelian surfaces, 21 pp.,
available at http://arxiv.org/pdf/1202.2421v1. ↑4
[Mau12] Davesh Maulik, Supersingular K3 surfaces for large primes (2012), 44 pp., available at
http://arxiv.org/abs/1203.2889. ↑1, 4, 8, 11, 16, 19, 20
[Mil75] J. S. Milne, On a conjecture of Artin and Tate, Ann. of Math. (2) 102 (1975), no. 3, 517–533.
MR0414558 (54 #2659) ↑
[Mil90] J. S. Milne, Canonical models of (mixed) Shimura varieties and automorphic vector bundles,
Automorphic forms, Shimura varieties, and L-functions, Vol. I (Ann Arbor, MI, 1988), Perspect.
Math., vol. 10, Academic Press, Boston, MA, 1990, pp. 283–414. MR1044823 (91a:11027) ↑
[Mil94] J. S. Milne, Shimura varieties and motives, Motives (Seattle, WA, 1991), Proc. Sympos. Pure
Math., vol. 55, Amer. Math. Soc., Providence, RI, 1994, pp. 447–523. MR1265562 (95c:11076)
↑12
[Moo98] Ben Moonen, Models of Shimura varieties in mixed characteristics, Galois representations in
arithmetic algebraic geometry (Durham, 1996), London Math. Soc. Lecture Note Ser., vol. 254,
Cambridge Univ. Press, Cambridge, 1998, pp. 267–350, DOI 10.1017/CBO9780511662010.008, (to
appear in print). MR1696489 (2000e:11077) ↑
[Mum70] David Mumford, Abelian varieties, Tata Institute of Fundamental Research Studies in Mathemat-
ics, No. 5, Published for the Tata Institute of Fundamental Research, Bombay, 1970. MR0282985
(44 #219) ↑16
[Nyg83] N. O. Nygaard, The Tate conjecture for ordinary K3 surfaces over finite fields, Invent. Math. 74
(1983), no. 2, 213–237, DOI 10.1007/BF01394314. MR723215 (85h:14012) ↑1, 23
[NO85] Niels Nygaard and Arthur Ogus, Tate’s conjecture for K3 surfaces of finite height, Ann. of Math.
(2) 122 (1985), no. 3, 461–507, DOI 10.2307/1971327. MR819555 (87h:14014) ↑1
[Ogu78] A. Ogus, Griffiths transversality in crystalline cohomology, Ann. of Math. (2) 108 (1978), no. 2,
395–419, DOI 10.2307/1971182. MR506993 (80d:14012) ↑10
[Ogu79] Arthur Ogus, Supersingular K3 crystals, Journe´es de Ge´ome´trie Alge´brique de Rennes (Rennes,
1978), Aste´risque, vol. 64, Soc. Math. France, Paris, 1979, pp. 3–86. MR563467 (81e:14024) ↑8,
9, 10, 11
[Ogu84] Arthur Ogus, F -isocrystals and de Rham cohomology. II. Convergent isocrystals, Duke Math. J.
51 (1984), no. 4, 765–850, DOI 10.1215/S0012-7094-84-05136-6. MR771383 (86j:14012) ↑2, 18
[Ogu01] Arthur Ogus, Singularities of the height strata in the moduli of K3 surfaces, Moduli of abelian
varieties (Texel Island, 1999), Progr. Math., vol. 195, Birkha¨user, Basel, 2001, pp. 325–343.
MR1827026 (2002g:14055) ↑19
[Pan94] A. A. Panchishkin,Motives for absolute Hodge cycles, Motives (Seattle, WA, 1991), Proc. Sympos.
Pure Math., vol. 55, Amer. Math. Soc., Providence, RI, 1994, pp. 461–483. MR1265539 (95f:14017)
↑5, 7
[PP81] Ulf Persson and Henry Pinkham, Degeneration of surfaces with trivial canonical bundle, Ann. of
Math. (2) 113 (1981), no. 1, 45–66, DOI 10.2307/1971133. MR604042 (82f:14030) ↑4
[Pin90] Richard Pink, Arithmetical compactification of mixed Shimura varieties, Bonner Mathematis-
che Schriften [Bonn Mathematical Publications], 209, Universita¨t Bonn Mathematisches In-
stitut, Bonn, 1990. Dissertation, Rheinische Friedrich-Wilhelms-Universita¨t Bonn, Bonn, 1989.
MR1128753 (92h:11054) ↑
[PSˇSˇ71] I. I. Pjatecki˘ı-Sˇapiro and I. R. Sˇafarevicˇ, Torelli’s theorem for algebraic surfaces of type K3, Izv.
Akad. Nauk SSSR Ser. Mat. 35 (1971), 530–572 (Russian). MR0284440 (44 #1666) ↑21
[Rap72] M. Rapoport, Comple´ment a` l’article de P. Deligne “La conjecture de Weil pour les surfaces
K3”, Invent. Math. 15 (1972), 227–236 (French). MR0309943 (46 #9046) ↑4
[Riz06] Jordan Rizov, Moduli stacks of polarized K3 surfaces in mixed characteristic, Serdica Math. J.
32 (2006), no. 2-3, 131–178. MR2263236 (2007i:14037) ↑8, 11
[Riz10] Jordan Rizov, Kuga-Satake abelian varieties of K3 surfaces in mixed characteristic, J. Reine
Angew. Math. 648 (2010), 13–67, DOI 10.1515/CRELLE.2010.078. MR2774304 (2012e:14089)
↑4, 23
[Riz] Jordan Rizov, Complex Multiplication for K3 Surfaces, 30 pp., available at
http://arxiv.org/abs/math/0508018. ↑4, 8, 16, 21
[Tat66] John Tate, Endomorphisms of abelian varieties over finite fields, Invent. Math. 2 (1966), 134–144.
MR0206004 (34 #5829) ↑25
[Tat94] John Tate, Conjectures on algebraic cycles in l-adic cohomology, Motives (Seattle, WA, 1991),
Proc. Sympos. Pure Math., vol. 55, Amer. Math. Soc., Providence, RI, 1994, pp. 71–83.
MR1265523 (95a:14010) ↑1
THE TATE CONJECTURE FOR K3 SURFACES 31
[vdGK00] G. van der Geer and T. Katsura, On a stratification of the moduli of K3 surfaces, J. Eur. Math.
Soc. (JEMS) 2 (2000), no. 3, 259–290, DOI 10.1007/s100970000021. MR1776939 (2001g:14063) ↑
[VZ10] Adrian Vasiu and Thomas Zink, Purity results for p-divisible groups and abelian schemes over
regular bases of mixed characteristic, Doc. Math. 15 (2010), 571–599. MR2679067 ↑9, 10
[Vas] Adrian Vasiu, Moduli schemes and the Shafarevich conjecture (the arithmetic case) for pseudo-
polarized K3 surfaces, 46 pp., available at http://www.math.binghamton.edu/adrian/K3.dvi. ↑4
[Voi86] Claire Voisin, The´ore`me de Torelli pour les cubiques de P5, Invent. Math. 86 (1986), no. 3,
577–601, DOI 10.1007/BF01389270 (French). MR860684 (88g:14006) ↑4, 27
[Voi08] Claire Voisin, Erratum: “A Torelli theorem for cubics in P5” (French) [Invent. Math. 86 (1986),
no. 3, 577–601; MR 0860684], Invent. Math. 172 (2008), no. 2, 455–458, DOI 10.1007/s00222-
008-0116-z (French). MR2390291 (2009j:14010) ↑
[Zar76] Ju. G. Zarhin, Abelian varieties in characteristic p, Mat. Zametki 19 (1976), no. 3, 393–400
(Russian). MR0422287 (54 #10278) ↑26
[Zuc77] Steven Zucker, The Hodge conjecture for cubic fourfolds, Compositio Math. 34 (1977), no. 2,
199–209. MR0453741 (56 #12001) ↑28
Keerthi Madapusi Pera, Department of Mathematics, 1 Oxford St, Harvard University, Cam-
bridge, MA 02118, USA
E-mail address: keerthi@math.harvard.edu
